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This appendix gives extensions and examples of the transition representation, including its incentive-
compatible (IC) domain. It also studies fixed stationary targets and duality under moment and
monotonicity constraints. Appendix C of the main paper proves Theorem 2. Each class of results is
numbered separately and consecutively, with the prefix OA. Equations use a separate consecutive

sequence with the same prefix. References without that prefix refer to the main paper.

A Transition Representation

A.1 Polynomial transitions

Proposition OA.1 (Polynomial transition laws). Let Q: = Ro + Zévzl t‘Ay, where Ay, ..., AN are
linearly independent signed measures of total mass zero. Let Qy(- | z) = CSo(- | 2) + (1 — O)Qy(-),
where ¢ € [0,1) and Sy is independent of the action. If T contains at least N + 1 distinct action

levels, then
dg = N, ey (t) = (t, 12, tY)

is a minimal sufficient statistic. Every other minimal statistic is an invertible affine transformation

of xn. For any target moment vector m = (my, ..., my) whose associated kernel preserves p,
pPy, =p =  E, T =my, ¢=1,...,N.

The same Vandermonde argument gives dg = J — 1 for J < N + 1 distinct actions. In the
preparation-stage technology of Example 1, affine independence of the successor laws is equivalent

to linear independence of the polynomial coefficients.

Proof of Proposition OA.1. The persistent component cancels across actions:

N

Qt — Qi = (1-0) Z(té —t5) Ay

(=1



For any N + 1 distinct actions, the corresponding power vectors are affinely independent by the
Vandermonde determinant. Linear independence of Aj,..., Ay therefore gives dg = N. Direct
integration shows that the power vector xy is sufficient.

For minimality, take a continuous sufficient statistic y : 7 — R? and restrict its codomain to
the affine hull of its image. If a finite signed measure w on 7 has total mass zero and [y dw = 0,
normalize its positive and negative parts to obtain two lotteries with the same mean statistic. The
corresponding constant assignment rules have the same aggregate statistic. Sufficiency and linear

independence of the A,’s imply
/:cN(t) dw(t) = 0.

Choose sq, ..., sq so that y(s;) —y(so), j =1,...,d, form a basis. Let L be the unique affine map
with L(y(s;)) = xn(s;) at these points. Expressing y(t) — y(so) in this basis produces a signed
measure with zero total mass and zero y-moment. The preceding implication gives zx(t) = L(y(t)).
Thus the power vector is affine in y. Its affine dimension is N, so d > N and xp is minimal. If y is
also minimal, the linear part of L is nonsingular, which gives uniqueness up to an invertible affine
transformation.

If the kernel associated with m preserves pu, then every assignment rule satisfies

N
PPy — = (1=¢) Y (Bo[T] — my) Ay
=1
Because ¢ < 1 and the coeflicient measures are linearly independent, stationarity is equivalent to
matching all N moments. If the action set contains J < N + 1 points, the same Vandermonde
argument gives affine rank J — 1. In the independent-stage model, the Bernstein-to-power change
of basis gives (2); affine independence of Ry, ..., Ry is equivalent to linear independence of the

coefficient measures. ]

A.2 A smooth infinite-rank family

Example OA.1 (An infinite-dimensional transition family). Let the current and next-period state

spaces and the action set all be [0, 1]. The transition is independent of current type and has density
oo
fily) =1+ Z 2~ (D4 cos(2mny)
n=1

with respect to Lebesgue measure. The series converges uniformly. Each cosine integrates to zero,
and Y, ., 27" = 1/2, so f, integrates to one and satisfies 1/2 < fi(y) < 3/2. The family is
therefore_ a jointly Feller family of probability kernels and is analytic in t.

Fix distinct actions ty,...,tx € (0,1]. If N a;(Qr, — Qo) = 0, pairing with cos(2ny) gives

N
Zait?zo, n=1,...,N.
i=1



The matrix (¢2)V,_, is a Vandermonde matrix with column i multiplied by ¢;, so it is nonsingular.
Hence a1 = --- = ay = 0. Kernel differences at arbitrarily many actions are linearly independent,
so dg = +o00. A scalar action can therefore generate a smooth transition family with no finite-

dimensional sufficient statistic.

B Necessity on the Incentive-Compatible Domain

This section maintains the notation of Sections 4 and 2 of the main paper.

Theorem 2(i) imposes monotonicity on the conditional mean of x1(7"). Incentive compatibility
in the screening problem requires the effective allocation to be nondecreasing. Let ¢ : Z — (0, q] be
continuous, let ¢ :=min7 < b:=max T, and fix 8 > 0 and a + fa > 0. For an assignment rule o,
define

ro(2) = /T to(dt]2),  go(2) = a(2)[a+ Bro(2)]

Call o admissible if g, has a nondecreasing representative. A statistic x is sufficient on the incentive-
compatible domain if Z, = Z,» implies equality of the induced next-period distributions for every

pair of admissible assignment rules o, o”.

Proposition OA.2 (Necessity on the incentive-compatible domain). (Proof in Section B.1.)
Maintain the hypotheses of Theorem 2(i). Suppose that

maxz< q(2) < & + Bb

su . OA.1
P q(2) a+ Ba ( )

Suppose also that the mean action is affine in the statistic:
t=co+(c,z(t)) for everyt € T (OA.2)

for some cg € R and ¢ € RY. Then x is sufficient on the incentive-compatible domain if and only
if (14) holds. Consequently dg < d, and the stationarity conclusion in Theorem 2(iii) applies to a
minimal sufficient statistic.

When these conditions hold, fix tg € T and define

dg+ = dimspan{(t —to,A) : t € T}.
This rank is independent of tyg and satisfies
dg < dg: <d, do € {dQ,dQ +1}.

Among continuous statistics that are sufficient on the incentive-compatible domain and satisfy
(OA.2), the minimum affine dimension is dg;. Any two minimum-dimensional statistics differ by
an invertible affine transformation. In particular, dg = dg if and only if mean action is affine in a

minimal sufficient statistic.



The strict range condition (OA.1) permits an interior assignment that can be perturbed in both
directions while retaining IC. Under the affine mean condition, lotteries with the same statistic also
have the same mean. Substituting one for another therefore preserves the effective allocation. The

rank dg; counts the coordinates needed to represent both the transition law and mean action.

Example OA.2 (The mean action may require an additional coordinate). Let 7 = [0, 1], define

s(t) == 4 <t— ;)2

Q: = [1 — s(t)]do + s(t)d1.

and set

Because s(t) € [0, 1], this is a well-defined transition family. For any reference action ¢,

Qr = Qp = [s(t) = 5(t0)](01 = do)-

Hence dg = 1, and s is a minimal sufficient statistic. Mean action is not determined by this statistic,
since s(0) = s(1) = 1. By Theorem 2(ii), every one-dimensional minimal statistic is an affine
transformation of s, so none determines the mean.

Take top = 1/2 and write D := §; — dp. The augmented vectors

1 1
(-2,D> and <2,D>
are linearly independent. Therefore
dQ’t:2:dQ+1.

The statistic (¢, s(¢)) is sufficient and records mean action, while no one-dimensional statistic can do
both. With a constant quantity schedule, the strict range condition holds, so the same dimension

gap arises on the incentive-compatible domain.

B.1 Proof of Proposition OA.2

Proof of Proposition OA.2. Integration proves sufficiency of (14). For necessity, write h = 1/q and
9o = q(a+ Bry).
An interior admissible baseline. Define

go(z) := (e + Ba) I?Qf q(2).

The running maximum of a continuous function is continuous, so gg is continuous and nondecreasing.

It also satisfies gg > (a+ fBa)q. By (OA.1), the continuous function (a4 8b)q — go is strictly positive



on Z. Let g > 0 be a lower bound. Choose k, ¢ > 0 such that k + ¢(Z — z) < g, and set
°(2) == go(2) + K + c(z — 2).
Then
P )z =) (2< ),

and
(o + Ba)q(z) + & < g°(2) < (a+ Bb)g(z) — 1, g1 =eg—Kk—c(z—2z)>0.

Thus the associated conditional mean

by 9(2)/a(z) —a
r’(z) = 5

is uniformly bounded away from a and b. In particular, with 7y := min{x,e1}/(5q) > 0,
a+n <r’(z)<b—mno for every z.

Fix actions ¢,u € T. Choose a lottery 7* that assigns positive probability to every point of a

finite set containing ¢ and u, and let t* := [ s7*(ds). For sufficiently small v, € (0, 1),

r(z) — wt*

€ [a,b] for every z.
L=

The bracketing construction in Lemma | provides a Borel family of lotteries 72 with these means.
Define
o(dv | 2) := (1 — )78 (dv) + yr*(dv).

Then r,» = b, so ggb = ¢°. The assignment is admissible, and it places a uniform positive mass on

every action in the support of 7*.

Type-dependent perturbations. Let f € C1(Z) satisfy E[hf] = 0, and define f := hf. For sufficiently
small € > 0, set
oF(dv | 2) = 0®(dv | 2) £ ef(2)[6; — 6u)(dv).

The baseline places uniformly positive mass on the perturbed actions, so these kernels remain

nonnegative. Their conditional means are ¥ + £ (¢ — u), and hence

9ot (2) = g°(2) £ Bt —u) f(2).

For z < 2/,
9o+ (') = 9o (2) = [c — eB|t — ull| [']lcc] (2" = 2).

After reducing ¢ if necessary, both assignment rules are admissible and their conditional means



remain in [a,b]. They also have the same aggregate statistic because

Tt = T+ cBf][2(t) — z(u)] = Z,0.

Sufficiency on the incentive-compatible domain gives, for every ¢ € C(Z),

[ h@5E @00 - Quot))uldz) =0,

The functions hf with f € C1(Z) and E[hf] = 0 are dense in the zero-mean subspace of L?(1).
To see this, take a zero-mean ug € L?(u) and choose f, € C'(Z) with hf, — ug in L?. Set
¢n = E[hfa]/E[h] and fn := fo — ¢u. Then E[hf,] = 0 and hf, — ug. The displayed orthogonality
therefore implies that Q:¢ — Q¢ is constant p-almost everywhere. Joint Feller continuity and full
support make it constant everywhere. Continuous functions separate finite measures, so the kernel

difference
Qi(- [ 2) = Qul- | 2)
is independent of z.

Affine factorization on the admissible domain. Fix tg and write Ay := Q¢ — Qy,. Choose t1,...,1q
so that z(t;) — x(to) is a basis of R, and let Dy,..., Dy solve (C.1). For an arbitrary action ¢,

choose coefficients c; satisfying

z(t) — x(tg) = Zc] ) — z(to)],

and define ]

w = 5t — 5,50 — ch(étj — (Sto).

j=1
This signed measure has total mass zero and zero z-moment. By (OA.2), it also has zero mean

action. If w # 0, let M be the common mass of its positive and negative parts, and define

w B Ty + m_
Ty 1= — T_ 1= — Ti=—

M’ 2
Use the interior baseline above, with 7* chosen to charge the support of w, and set
oi(-|2) = 0"(- | 2) +[ms — 7]

for sufficiently small v/ > 0. The two assignments are well defined. They have the same conditional

mean, namely r’, and hence the same effective allocation g®. They are therefore admissible. Their



aggregate statistics also coincide. Since the kernel differences are independent of type,

/_y/
pPys, — pPy_ = M/TAU dw(v).

Sufficiency forces the right-hand side to vanish. Hence A; = Zj ¢jA¢;. When w = 0, the same
conclusion holds directly. Together with (C.1), this proves (14).

The stationarity statement in Theorem 2(iii) depends only on this representation and on linear
independence of the representing measures. It therefore continues to hold. The same representation

gives dg < d.

The augmented dimension. For each action, define
Fi(t) :== (t —to, At) € R x Dg.
If ¢1 is another reference action, then
Fy, (t) = Fy (t) — Fy, (t1), Fy, (to) = —Fy, (t1).

The spans generated by the two reference curves are therefore identical, so dg ; is independent of
the reference action. Projection of span Fy,(7) onto its measure component has image D¢ and a

kernel of dimension at most one. Hence
dg <dg; <dg+1.

Now take any sufficient statistic that also satisfies (OA.2), and remove redundant coordinates.
If its affine dimension is d, then
d

Fy(t) = <<C7$(t) —a(to)), ) _lxi(t) — xz‘(to)]Dz) :

i=1
Thus Fj, factors linearly through z(t) — x(to), and dg¢ < d.

Conversely, choose a basis E1, ..., Eq4,, of span Iy (T), and write

dq,t

Fy(t) = Zyi(t)Ei, y(to) = 0.
=1

The coordinate map y is continuous. Pair the measure components of the basis vectors with finitely
many continuous functions separating their span, and include the scalar component. This gives a
nonsingular coordinate matrix. The joint Feller property makes the paired coordinates of Fy,(t)
continuous. In this representation, the scalar components express ¢ as an affine function of y(¢),
and the measure components give an affine kernel representation. Thus y is sufficient and satisfies
(OA.2). Since F,(T) spans the augmented space, aff y(7) = R9:t. The lower bound is attained.



A minimum-dimensional statistic therefore gives a linear isomorphism from its coordinate space
to span Fy, (7). Two such statistics are coordinate systems for two bases of the same space, so they
differ by an invertible affine transformation. Finally, dg ; = dg exactly when the scalar coordinate ¢

is affine in a minimal sufficient statistic. O

C Identifying a Fixed Stationary Target

The dimension in Theorem 2 measures how many statistics are needed to recover every successor
distribution. To test whether an assignment reproduces one fixed target, fewer equalities can suffice.

This reduction depends on the target’s position in the attainable set.

C.1 Identifying a fixed target

Fix a minimal sufficient statistic z : 7 — R, and let
X :=cox(T).
Take € X such that uQz = p. By Theorem 2(iii), the stationary assignment rules are
&(z) == {0 : uPy = p} = {0+ 3, = 7).
A linear map H : R% — R" identifies the target Z on the attainable set if
S(z) = {0 : Hz, = Hz}.

Equivalently,
XN (Z+kerH) = {z}.

Define the minimum rank needed to identify the target by
7id(Z) == min{rankH : X N (Z + ker H) = {z}}.
Set 7q(Z) = 0 when dg = 0. If dg > 0, then
1 <7ia(7) < dq.
An interior target requires all dg coordinates:
rid(Z) = dg when 7 € ri X.

If the target is an exposed point of X', one exposing linear functional identifies it, so riq(z) = 1.



C.2 A quadratic moment example

For a quadratic transition law with 7 = [0, 1], the attainable moment set is
Xo={(m,k):0<m<1, m2§k§m}.

An interior target requires two independent affine restrictions. For a deterministic target (¢o,t2),
the single equality
E[(T — t9)?] = E[T?] — 2t0E[T] +t3 =0

forces T' = tg almost surely and identifies the target. Recovering all attainable successor distributions

still requires the two-dimensional statistic.

D Duality for Stationary Allocation

Duality expresses the allocation problem through prices on aggregate moments and a multiplier on
the monotonicity constraint.
Let L?"(u) denote the cone of essentially bounded functions that admit a nondecreasing repre-

sentative. Its polar cone is

Hy = {f e L'(u):E[¢] =0, Xe(z):= (z)u(dz) > 0 for every 1:} .
z,2]
Each ¢ € H, has nonpositive pairing with every nondecreasing allocation and serves as a multiplier
on the incentive constraint.

For a Carathéodory integrand ¢ : Z x 7 — R satisfying

[ sup etz a(dz) < .
ZteT

let Cy,(¢), where m = (mq,...,my), be the minimum of E[c(Z,T')] over assignment rules that
implement ¢ and preserve p. After removing the constant term aE[Zq(Z)] and dividing by S,

maximizing current output is equivalent to minimizing ¢(z,t) = —w(z)t.

Theorem OA.1 (Implementation, stationarity, and duality). Maintain Assumption 1. Let m €

MN(T) be the unique moment vector in (5).

(i) An assignment rule can be paired with payments to implement q while preserving u if and only
if

9o € LC(n),  E[T]=m, (£=1,...,N). (OA.3)

Any assignment rule satisfying these conditions almost everywhere can be modified on a p-null

set to obtain a pointwise direct mechanism. For any pointwise version, truthful utility and



payments are

V(z) =V + /z go(x) dz, (OA4)

p(2) = 290(2) = V(2), (OA.5)

and individual rationality is equivalent to Vo > 0.

(i) If (OA.3) is feasible, then

N
Cr (C) = Ssup { — Z TIpr Mg

weRN

R =1
¢(z,1) + [@1 + Ba(2)§(2)]t
—I-/ aq(2)€(z) + ?él%_l N i ot ,u(dz)}. (OA.6)
=2
There is no duality gap.
(iii) For the normalized output problem, let ¢(z,t) = —w(2)t. If a dual mazimizer (w*,£*) ewists,

every primal optimizer o* satisfies, for p-almost every z,

N
o <arg min {Z wps! + [ —w(z) + ﬁq(z)&*(zﬂs}

=2

z) =1 (OA.7)

The vector w prices the moment restrictions, and £ adjusts the linear coefficient in the action
problem to account for monotonicity. Equation (OA.6) equates the primal minimum with the
dual supremum. If that supremum is attained, (OA.7) characterizes optimal lottery support. For
B(m) := max E[wT], an attained multiplier wy is a supergradient with respect to my; in units of

output, the multiplier is Szoy.

Generalized moment restrictions. The same duality applies to finitely many generalized
moment restrictions
E[QOJ(Z,T)] = ¢y, j:1,...,J,

where each ¢; is Carathéodory and satisfies [ sup; |p;(z,)|p(dz) < co. The minimax argument

gives the pointwise objective
c(2,t) + > _w05(2, 1) + Ba(2)E(2)t.
J

Joint moments of (Z, T') accommodate type-dependent transition effects. For a separable transition
law, any sufficient statistic  can express the restrictions. A minimal statistic gives dg aggregate

multipliers.

10



D.1 Proof of the duality theorem

Proof of Theorem OA.1. Implementation and stationarity. Let V denote truthful utility. For

z > zp, incentive compatibility implies
V(z0) + (2 = 20)90(20) < V(2) < V(20) + (2 — 20)90(2)-

These inequalities imply that g, is nondecreasing and, by Darboux sums,

z

V(z) — Vizo) = / g0 (x) da.
20

The same inequalities prove the converse. Substitution gives (OA.4) and (OA.5). Since g, > 0,
individual rationality is equivalent to V4 > 0.

For an effective allocation defined almost everywhere, take right limits at interior points and
a left limit at the upper endpoint. This gives a nondecreasing Borel version. Full support makes
the complement of the exceptional null set dense. Passing to limits through that set preserves the
continuous bounds g(a + fa) and g(a + Bb) at every report. The implied conditional mean lies in
[a,b]. On the exceptional set, implement that mean with a Borel endpoint lottery. This modification
leaves all aggregate moments unchanged.

Integrating (3) and subtracting (5) gives

pPy — = (1=¢) Y (BIT] = my) Ay

N
(=1

Since ¢ < 1 and the Ay’s are linearly independent, stationarity is equivalent to (6). This proves
part (i).

The monotonicity cone. The polar of the cone of nondecreasing L (u) classes, in the dual pair
(L=, LY), is H,. Constants imply E[¢] = 0, upper-interval indicators imply X¢ >0, and Stieltjes

integration gives, for every nondecreasing s,
/fs dp = — Xe(z) ds(x) <0.
(27]

For the converse, suppose the set of pairs (z,2’) with z < 2’ and g(z) > ¢(z’) has zero u ® u-

measure. By Fubini’s theorem, for almost every z,
9(y) < g(z) for almost every y < z, g(z) < g(y) for almost every y > z.

For a rational point r in the state interval, define

a(r) :=esssup g(y), g(z):= inf a(r),
y<r r>z, reQ

11



with the natural endpoint conventions. The function g is nondecreasing. At every z with the Fubini
property, its left limit is at most g(z). Full support gives a(r) > g(z) for every rational r > z, so
g9(2z) < g(z). At each continuity point of g with the Fubini property, the two inequalities imply
g(z) = g(z). A monotone function has only countably many discontinuities, and p is atomless. Thus
g is a nondecreasing representative of g.

If g has no nondecreasing representative, the violation set must therefore have positive p ® -
measure. Decomposing it over rational separating points and rational levels yields numbers c_ < c

and points & < y such that
A={g>ci}nlza], B:={g<c}nly7

have positive measure. Define
14 1p

TRy

Then & € H,,, while (§,9) > ¢ —c— > 0. Hence
15°(n) = {9 € I(n) < (€,9) < 0 for every € € Hy}. (0A8)

This representation also shows that the monotonicity cone is weak-star closed.

Duality. Represent an assignment rule by the Young measure
v(dz, dt) = p(dz)o(dt | 2).

The set I' of such measures is compact and convex in the stable topology generated by L'(u; C(T))
(Balder, 2000). For y = (w,¢) € RY x H,,, write the Lagrangian as

N
L(viy) = = weme

=1

N
+ / c(z,t) + > @t +E(2)q(2)[a + Bt] p y(dz, dt).
ZXT =1
The expression is independent of the chosen conditional-mean version. Its integrand belongs to
LY(u; C(T)), so the Lagrangian is continuous in + under the stable topology.

By (OA.8),

0 g9 € L (n)
sup (£,9) = q e
§eH, +OO, g ¢ L?(M)
The unrestricted multipliers w impose the moment equalities in the same way. Thus the supremum
over y equals the objective on feasible assignment rules and is +oo otherwise.

Equip RY x H,, with the product of the Euclidean and L (p)-norm topologies. For fixed y, the

Lagrangian is continuous and affine on the compact convex set I'. For fixed =, it is continuous and

12



affine in y, since the effective allocation is bounded. Sion’s minimax theorem (Sion, 1958) allows the
minimum and supremum to be interchanged. Measurable selection (Aliprantis and Border, 2006,
Chapter 18) then reduces the inner minimum to a pointwise choice over compact 7. This gives
(OA.6).

Suppose both primal and dual optima are attained. For a feasible primal optimizer ~*, the
moment terms vanish and the polar pairing is nonpositive, so Z(v*; y*) < Cy(¢). Dual optimality
gives the reverse inequality. Hence the polar pairing is zero, and the integral of the nonnegative

pointwise minimization gap also vanishes. With ¢ = —wt, this yields (OA.7) and proves part (iii). [
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