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Abstract

An institution assigns task actions to privately informed agents subject to a prescribed
quantity schedule and the requirement of reproducing a stationary type distribution. Actions
determine current output and shape successor types, so stationarity constrains the aggregate
action distribution while incentive compatibility governs its allocation across private types.
Incentives order the effective allocation: the prescribed quantity scaled by the action multiplier.
Under a nonincreasing schedule, an action marginal is implementable if and only if it dominates in
the convex order the distribution that holds this effective allocation constant. A stationary target
is implementable if and only if some marginal above this bound reproduces it; we characterize
when finitely many unconditional action statistics suffice for this test. For interval actions,
the bound implies a sharp variance floor determined by the relative dispersion of prescribed
quantities. Variance above the floor enables sorting until output attains its mean-constrained
maximum, beyond which within-type lotteries absorb residual variance costlessly. Strict incentive
compatibility preserves target moments at interior points and approaches the weak output
maximum arbitrarily closely. Additional moment restrictions can lower output and preclude
strict incentives at boundary targets. These losses stem from the quantity commitment. For
nonnegative types and interval actions, freely chosen quantities allow monotone sorting to

preserve any technologically feasible action marginal.

Keywords: mechanism design; screening; endogenous type distributions; stationary distributions;
sufficient statistics; convex order.
JEL classification: C61; D02; D82.

1 Introduction

An institution staffs a fixed set of positions and has committed in advance to the quantity of work
assigned to each reported productivity level. Collective agreements, civil-service grade structures,
and statutory caseload or staffing ratios commonly fix workloads on a slower cycle than individual

task assignments. The institution retains discretion over the character of the work—such as the
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level of autonomy, task complexity, or supervisory oversight—and the associated compensation.
These assignments play two roles: they determine current output and shape the pool of successors
who will occupy the positions in the next period. An assignment rule designed to reproduce the
desired composition of that pool need not induce truthful reporting of productivity. We characterize
the mechanisms that satisfy both individual incentives and aggregate reproduction, and quantify
the output loss imposed by the quantity commitment.

The tension reflects a structural conflict. The aggregate reproduction requirement constrains
the marginal distribution of the action, whereas incentive compatibility orders the action scaled
by a quantity the institution cannot adjust. When the prescribed quantity schedule declines in
reported productivity, incentive compatibility forces dispersion into any action distribution capable
of reproducing the population. This paper characterizes that dispersion and measures its output
cost.

The institution takes the quantity schedule and the target type distribution as given. Each
incumbent privately observes productivity, reports it, receives the prescribed quantity along with an
action lottery, and makes a signed payment to the institution. After production, the incumbent
departs, and a successor’s type is drawn from an action-dependent transition kernel. Incumbents
are short-lived, so each faces a static reporting problem. Stationarity links successive cohorts by
requiring the assignment rule to reproduce the target type distribution among incoming occupants.

A two-type example illustrates the tension. Low and high types each occupy half the positions,
under a prescribed schedule with quantities g, = 2 and gy = 1. The action is ¢t € {0,1} and
scales output by 1+ ¢, where action 1 represents a complex, demanding assignment and action 0 a
routine one. Let r; denote the probability that type ¢ is assigned action 1. With quasilinear utility
and transfers, incentive compatibility requires the effective allocation—quantity multiplied by the
expected output multiplier—to be nondecreasing in type. Because the low type already handles

twice the volume, truthful reporting requires
20 +7rp) <147y,

which admits only r;, = 0 and rg = 1: exactly half the positions must receive action 1. Suppose
that reproducing the target population instead requires assigning action 1 to one quarter of the
positions. While such an aggregate share is technologically feasible, it cannot be implemented:
truthful reporting cannot be sustained when higher actions are decoupled from reports. Thus, the
quantity commitment, rather than the transition technology, places the stationary target out of
reach.

Absent demographic constraints, the institution would raise actions as far as truthful reporting
permits: for nonnegative types, higher actions weakly increase output and entail no direct resource
cost. Stationarity constrains the aggregate action distribution, rationing an otherwise costless input.
The design problem is how to allocate that input across private reports under the prescribed quantity
schedule.

This boundary example isolates the sharpest form of the tension: the ratio of quantities matches



the maximal ratio of output multipliers, forcing the incentive constraint to bind and leaving a unique
feasible assignment. A milder decline in the quantity schedule leaves an interval of feasible mean
actions and a rich family of implementable action distributions. Under such a schedule, incentive
compatibility selects among action distributions through dispersion alone, as offsetting the decline
in quantity requires assigning lower actions to lower types and higher actions to higher types.
The same logic governs the general model. An agent reporting Z receives quantity ¢(z), and the
action scales output by a + ft. Let r(z) = E[T | Z = z] denote the conditional mean action under
truthful reporting. With quasilinear preferences and unrestricted transfers, incentive compatibility

is equivalent to monotonicity of the effective allocation

9(2) = q(2)[a + Br(z)].

When ¢ declines, higher types receive smaller quantities, so they must receive higher mean actions
to keep g nondecreasing. Consequently, sustaining truthful reporting requires dispersing actions
across types.

Our first main result gives an exact characterization. Fix a nonincreasing schedule ¢ and a

feasible mean action m, and let

a+ Bm o 0

Ba(2)E[1/q(2)] B’

0 (2) =

denote the conditional-mean schedule that holds the effective allocation constant and the distribution
it induces under the prior p. An action marginal 7 with mean m is implementable under weak

incentive compatibility if and only if 70, < m (Theorem 1). Implementable action distributions

0
m

from below; any upper bound arises solely from the action domain. The proof exploits a single-

are precisely those at least as dispersed as m,, in the convex order. Incentives bound dispersion
crossing property: any incentive-compatible conditional-mean schedule crosses 70, at most once
from below, which establishes convex-order dominance among conditional expectations. Conditional
Jensen’s inequality then extends the bound to realized actions. For sufficiency, Strassen’s theorem
(Strassen, 1965) constructs a lottery assignment with marginal 7 and conditional mean r0,. This
characterization requires no topological structure on the action set beyond closedness; when the
action set is finite, it reduces to a finite system of linear inequalities.

Combining this convex-order bound with the transition technology characterizes stationary
implementation. When the action shifts successor types through a component common to all current

types, the action marginal alone determines the successor distribution. The institution can then

0
m

reproduce the population if and only if some marginal that replicates the target dominates 7, in
the convex order (Corollary 1). This criterion restricts the transition family only through weak
continuity.

The dimension of aggregate information required by the institution is governed by the transition
technology. For jointly Feller transitions, finitely many unconditional action statistics determine the

successor distribution if and only if action-induced kernel differences are independent of the current



type and span a finite-dimensional space (Theorem 2). The dimension of that space is the minimal
number of statistics needed. Polynomial transitions with linearly independent coefficient measures
form the canonical class, as stationarity then fixes the corresponding action moments. In particular,
a quadratic transition law reduces the design problem to a two-moment allocation problem. When
kernel differences depend on the current type, no finite-dimensional statistic of the action alone
suffices, and the successor distribution must be tracked through joint moments of type and action.

For actions in [0,1] and a nonincreasing schedule ¢, the convex-order bound implies a sharp

variance floor. At a feasible mean m, incentive compatibility requires an action variance of at least

(n+5) (3)

attained by the schedule that holds the effective allocation constant (Corollary 2). Two economic
forces determine this floor. The squared coefficient of variation of 1/q measures the relative dispersion
of the prescribed quantity schedule. The scale factor (m + «/3)? decreases in 3: when the action
exerts a stronger effect on output, less dispersion is needed to offset a given decline in q. The floor
vanishes if and only if the quantity schedule is constant almost everywhere. A specified action
marginal must still satisfy the full convex-order condition; its variance alone does not determine
implementability.

Above the floor, variance is partitioned into distinct economic regimes: it initially enhances
sorting and raises output, but eventually becomes redundant and is absorbed costlessly by within-
type lotteries. Specifically, additional variance permits greater separation across types: assigning
higher actions to higher types increases output until it attains the mean-constrained optimum.
Beyond this threshold, further variance is absorbed by within-type randomization without affecting
output. We characterize the value function for general quantity schedules and closed action sets,
and compute both thresholds in closed form when quantities decline (Theorems 3 and 4). These
comparative statics vary the transition technology while holding the population fixed, so that
stationarity calls for a different second moment of the same population.

Strict incentive compatibility can be attained at an arbitrarily small output cost. At any
interior feasible mean and any feasible second moment strictly above the floor, we construct strictly
incentive-compatible mechanisms that match both moments exactly. Mixing such a mechanism
with a weak optimum makes truthful reporting uniquely optimal and approaches the weak output
maximum (Proposition 4). With interval actions, these slackness conditions are also necessary, so
strict incentives preclude only boundary means and the minimum second moment. They remain
available at the maximal second moment, where the output supremum need not be attained.

Richer transition technologies impose higher-order moment restrictions, and an additional
restriction operates through two distinct channels. First, it can preclude implementation entirely:
on a four-action set, a mean and second moment may be jointly implementable while the third
moment required by stationarity is not (Example 2). Second, when implementation remains feasible,

the additional restriction can reduce output. For interval actions and a two-moment optimum in



the productive range, Theorem 5 provides an exact three-channel decomposition of this output
loss using dual multipliers: the reallocation of conditional means, the variance lost to within-type
randomization, and the shadow cost of binding incentive and boundary constraints. Strict incentives
survive whenever the additional target lies in the relative interior of the attainable moment set
(Corollary 3). At its boundary, however, a target can force pooling even when it is interior to the
unrestricted moment polytope.

While the benchmark objective is current gross output with internal transfers, the value and
loss results in Sections 5-7 also apply to revenue after replacing zq(z) with the virtual-value weight
#(2)q(2). The upper-tail characterization then requires ¢q to be strictly increasing.

These efficiency losses stem from the quantity commitment rather than from stationarity itself.
An institution free to set quantities, facing nonnegative types and interval actions, would set every
quantity at the common upper bound and sort actions monotonically. This unconstrained policy
preserves the entire marginal distribution of actions and hence any technologically feasible stationary
target under the common transition law (Proposition 2). A prescribed schedule eliminates that
flexibility. What remains is the dispersion the schedule forces into the action distribution and the

output the institution forgoes in producing it.

Related literature. The closest formulation is that of Bergemann et al. (2026b), where an
exogenous inventory of qualities constrains screening and feasibility is expressed through majorization.
Our model separates the constrained object from the ordered one: the distributional restriction
falls on the physical action T', while incentives order the effective allocation ¢ = ¢(« + fr), and the
prescribed schedule links the two through r» = (g/q — «) /5. The two restrictions also run in opposite
directions. An inventory is scarcity, an endowment the designer cannot exceed, and it bounds the
allocation from above in majorization. Here the restriction is an equality target produced by a fixed
point across cohorts, and incentives bound the action marginal from below in the convex order, with
any ceiling supplied by the action set rather than by supply. A feasibility test built for a scarcity
ceiling does not answer which populations a prescribed schedule puts out of reach. Utility keeps the
standard screening form zg — p, so the entire departure lies in the schedule: it decides which action
assignments deliver a monotone g, and that is what generates the convex-order bound. Stationarity
then selects the marginals above the bound that also reproduce the target population.

The characterization builds on recent advances in mechanism design and monotone optimization

under distributional constraints (Kleiner et al., 2021; Nikzad, 2022; Yang and Zentefis, 2024; Kleiner

0
m

directly from the prescribed quantity schedule, which makes the feasibility test explicit. Strassen’s

et al., 2026). The main departure is the constructive derivation of the lower-bound distribution

theorem, in the kernel formulation of Leskeld and Vihola (2017), establishes the existence of the
corresponding lottery implementation.

Aggregate restrictions serve as an incentive instrument in the literature on linked decisions
and quotas (Jackson and Sonnenschein, 2007; Frankel, 2014, 2016; Escobar and Toikka, 2013; Ball

and Kattwinkel, 2026; Bergemann et al., 2026a). In our environment, the economic role of the



constraint is reversed: the aggregate restriction is not an instrument designed to discipline reports,
but an exogenous demographic requirement dictated by the transition technology, and the prescribed
quantity schedule constrains how the designer can meet it.

By modeling how current task assignments train successors, the paper connects to the literature
on task allocation and expertise accumulation (Baccara et al., 2023) and on apprenticeship contracts
(Fudenberg and Rayo, 2019). Dynamic mechanism design typically studies long-lived agents whose
allocations affect their own future private information (Pavan et al., 2014; Makris and Pavan, 2021).
Here, incumbents are short-lived and their actions affect the types of incoming agents, so each
incumbent faces a static screening problem while stationarity accounts for the entire intertemporal
link. Baccara et al. (2020) and Leshno (2022) study related stationary allocation problems.

The incentive reduction uses standard screening and envelope arguments (Mussa and Rosen,
1978; Myerson, 1981; Milgrom and Segal, 2002). The optimization uses moment geometry (Karlin
and Studden, 1966), isotonic regression (Barlow et al., 1972), and ironing (Toikka, 2011). The dual
formulation is related to Noldeke and Samuelson (2018); Dworczak and Kolotilin (2024).

Section 2 sets out the model and the incentive constraint. Sections 3 and 4 characterize
implementable action marginals and the transition laws for which finitely many action statistics
suffice. Section 5 derives optimal output under two moment restrictions. Sections 6 and 7 take up

strict incentives and additional moment restrictions. Proofs are in the appendices.

2 Model and Incentive Compatibility

We consider a dynamic framework that couples a static screening problem within each period
to an intertemporal law of motion across successive cohorts. Incumbents face a one-shot private
reporting problem, and the task assignments selected today shape the productivity distribution
of tomorrow’s cohort. Stationarity imposes an aggregate constraint on the distribution of actions,
while the prescribed quantity schedule governs how actions can be assigned to types. The efficiency
losses characterized below stem entirely from this quantity schedule. We begin with polynomial
transition laws, under which stationarity reduces to a finite system of moment restrictions on the
action distribution. Section 4 characterizes the general class of transition laws that admit such a

finite-dimensional reduction.

2.1 Environment and preferences

Time is discrete. A unit mass of positions is occupied each period by short-lived incumbents. Their
types have distribution p on the compact interval Z = [z,Z]. Each incumbent privately observes
type z and reports Z. The institution must reproduce p among the next cohort of occupants.
Report z determines the incumbent’s prescribed quantity ¢(Zz), action lottery, and signed payment
to the institution. The quantity schedule g : Z — (0, ] is continuous and committed prior to the

choice of lotteries and payments. Each report receives exactly the workload prescribed by the



schedule. The action set 7 C [0, 1] is a nonempty closed set with endpoints
a:=min7 < b:=maxT.

An assignment rule o( d¢ | Z) specifies a Borel probability measure on 7, and p(Z) is a signed payment
from the incumbent to the institution. We use lowercase ¢ for a realized action and uppercase T for
the induced random variable.

For true type z, report z, and action t, gross output is zq(z)(« + St). The incumbent’s utility is
@+t —p(), >0, a+ha>0. 1)

Payoff terms independent of the true type are absorbed into the transfer. The outside option is
normalized to zero.

The conditional mean action determines both expected utility and expected output:

re(2) = /rta(dt | 2).

Define the effective allocation and the output weight by

90(2) = q(2)a+ Bro(2)],  w(z) = zq(2).

A type z reporting z obtains expected utility zg,(Z) — p(z). Thus, g, plays the role of the allocation
schedule in the associated one-dimensional screening problem. For any conditional-mean schedule 7,
we write g, := q(a + fr).

The institution commits to the mechanism before incumbents observe their types. The incumbent
observes z, reports z, receives the prescribed quantity and an action drawn from o(- | 2), and makes
payment p(z). After production, the incumbent departs. The successor’s type is drawn from the
transition kernel specified below.

The action represents the qualitative character of the assignment: the degree of autonomy, the
novelty of assigned tasks, or the intensity of supervision. It operates through two distinct channels.
First, it scales current output through the multiplier o 4+ St. Second, it develops human capital
for the incoming cohort: more demanding assignments provide richer training opportunities that
prepare successors. Because incumbents depart after one period, they capture none of this human
capital return; their reporting problem is strictly static, and the training channel operates purely

through the stationarity constraint.



2.2 Polynomial transitions and stationarity

The action-dependent component of the next-period type distribution is

N
Q1= Ro+ Y t'Ay, (2)
(=1
where Ry := @0. The signed measures Ay, ..., Ay have total mass zero and are linearly independent,

and Qy is a probability measure for every ¢ € [0,1].
The action-induced component is common across current types. Type persistence is captured by

an action-independent Markov kernel Sy:

Qu(d2' | 2) = ¢So(d2' | 2) + (1= O)Qu(d2),  C€[0,1), pSo=p. (3)

Under truthful reporting, an assignment rule ¢ induces the next-period distribution

uPy = /Z/TQt(- | 2)o(dt | z)u(dz). (4)

Stationarity requires uP, = p.

A target distribution reproducible by the transition technology has a unique representation

N

p=Ro+> mdy  (m,...,my) € My(T), (5)
=1

where My (7T) denotes the moment space generated by probability measures on 7 (Karlin and
Studden, 1966). Integrating (3) and using pSy = p yields

N
Ro+ Y E[T*]4,
(=1

pPy = C¢p+(1-)

Linear independence of the coefficient measures ensures that stationarity is equivalent to the moment
equalities
E[T]=my,  £=1,...,N. (6)

This corresponds to the polynomial case of Theorem 2(iii). These equalities constitute a demographic
reproduction requirement rather than a discretionary performance target. While a higher mean
action would raise current output, it would also alter the composition of the successor pool, violating
stationarity. Condition (6) thus fixes the aggregate action resources available to the designer. The
subsequent sections examine the efficiency cost of distributing this fixed aggregate across types

under the prescribed quantity schedule.

Assumption 1 (Benchmark environment). (i) The type space Z is compact; i is atomless with

full support; q is positive and continuous; and T is a nonempty closed set with distinct endpoints.



(i) Incumbents are short-lived, preferences are given by (1), transfers are unrestricted, and the

action enters current payoff through o + St.
(iii) The transition law satisfies (2) and (3); the target has the unique representation (5).

(iv) Stationarity requires pPy = p after one period, with uP, defined in (4). The quantity schedule
q and target u are fized.

Two features of Assumption 1 warrant economic emphasis. Short-lived incumbents in (ii)
isolate the static screening dimension: because the action trains a successor rather than returning
to the incumbent, the effective allocation g(« + §r) fully determines agent incentives, and the
envelope formula contains no continuation value. This specification naturally captures rotating
professional appointments—such as judicial clerkships, medical residencies, and junior civil-service
postings—where incumbents perform fixed-term assignments that prepare the next generation.
Second, part (iv) imposes exact period-by-period reproduction, matching institutions governed by
periodic accreditation standards or cohort quotas. The action moments implied by stationarity
must therefore be met for each cohort.

Unless stated otherwise, expectations are taken over Z ~ y and the conditional law of 7. We
write (f,g) = | fg dp whenever the product is integrable, and use || f||, for the L?(x) norm. In
finite-dimensional spaces, brackets denote the Euclidean inner product. We write co for convex hull,
ri for relative interior, ¢; for the Dirac measure at ¢, and £,(X) for the law of X under p.

A concrete microfoundation for this preparation channel generates polynomial transitions: the
quantity specifies a base volume of tasks, and the action governs the success probability at each

training stage.

Example 1 (Independent preparation stages). A successor passes through N preparation stages.
Conditional on action ¢, each stage succeeds independently with probability ¢. Let R; denote the

next-period type distribution after exactly j successes. Then
N
~(N N\ »
Q ):Z< ) J(1—t)NIR;.
j=0 Y

This family belongs to class (2); its coefficient measures are linearly independent if and only if
Ry, ..., Ry are affinely independent.
Let J denote the number of successful stages and b; the cohort share with J = j. Then

N . .

b = < ,>IE[TJ(1 — )N,
J

For N = 3, write m = m; and k£ = mo. The cohort shares are

(bo,bl,bQ, bg) = (1 —3m + 3k — mgs, 3(m — 2k + mg), 3(]{7 — mg), m3).

The corresponding factorial moments are E[J] = 3m, E[J(J—1)] = 6k, and E[J(J —1)(J —2)] = 6ms.



Thus, m, k, and mgs represent the success rates of a randomly selected stage, ordered pair of stages,
and ordered triple of stages; ms3 = b3 is the fully trained share.

The moment-space condition (m1,...,my) € My(T) is strictly stronger than nonnegativity
of the cohort shares. For example, (bg,by,b2,b3) = (0,1,0,0) implies m = 1/3 and k = 0 < m?,
which cannot be generated by any probability distribution on T'. If R;; first-order stochastically

dominates R; for each j, then @E,N) first-order stochastically dominates @EN) whenever ' > t.

The stage model provides a concrete interpretation: the £th moment is the probability that an
ordered /-tuple of stages all succeed, so stationarity prescribes target training rates. This moment

interpretation extends to any transition satisfying (2) and (3).

2.3 Quantity commitment and objective

The institution selects (o, p) to implement the prescribed schedule ¢ while preserving p. The quantity
schedule is fixed in advance: each report commands a predetermined workload. Only the action
lottery and the transfer schedule remain within the designer’s control, and the mechanism (q, o, p)
must induce truthful reporting.

Schedules fixed this way typically decline in reported productivity because institutions use
task volume to equalize baseline effort across grades. Routine, high-volume responsibilities are
concentrated in lower tiers, whereas higher tiers receive greater autonomy and discretion over task
execution rather than larger physical caseloads.

A declining schedule compensates for lower reported productivity with a larger volume of base
tasks. On [0,1], for instance, gs(z) = (14 dz)~! with 0 < § < 1 assigns higher reports fewer tasks
while ensuring that the output weight zgs(z) = z/(1 + 0z) remains strictly increasing. Assigning
more productive actions to higher types remains efficient under such a schedule; what the schedule
eliminates is the ability to reward higher types through volume.

For nonnegative types, quantities represent productive opportunities: gross utility and gross
output both equal zq(2)(a + St), and transfers divide this output between the incumbent and the
institution.

Because preserving p is an explicit constraint of the design problem, a stationary assignment
rule reproduces p each period. Its discounted surplus is (1 — p)~! times current surplus for any
discount factor p € (0,1). Ranking stationary rules by current output is therefore strategically

equivalent to ranking them by discounted surplus, justifying the objective below.

Assumption 2 (Current-period design criterion). For fized q and u, the institution mazximizes
current output. Transfers are internal to the incumbent—institution pair. Randomization over actions

has no direct resource or risk cost.

The results draw on these primitives at different levels of generality. The characterization of
implementable action distributions requires ¢ to be nonincreasing. The two-moment value theorem
holds for any positive continuous ¢ and any closed action set. Closed-form thresholds require interval

actions and a nonincreasing g to yield an explicit minimum second moment, and a strictly increasing

10



output weight w(z) = zq(z) to determine the second moment that achieves the mean-constrained
output maximum. The transition assumptions vary analogously: Assumption 1(iii) establishes
the polynomial benchmark; Section 3.2 requires only weak continuity of a common action-induced
kernel; Section 4 characterizes when a finite-dimensional reduction exists under joint continuity;

and Sections 5—7 analyze quadratic and higher-order moment problems.

2.4 Incentive compatibility

Let L%O(,u) denote the space of essentially bounded functions with a nondecreasing representative.
A direct mechanism implements q while preserving p if truthful reporting is globally incentive
compatible and individually rational, and the next-period distribution is u. With unrestricted
transfers, an assignment rule admits incentive-compatible payments if and only if its effective
allocation g, is nondecreasing. Payments then satisfy the standard envelope formula.

Stationarity is evaluated under truthful reporting. Weak incentive compatibility makes truthful-
ness a best response; Section 6 requires it to be the unique best response.

For a nondecreasing effective allocation g, transfers satisfy V(z) = Vo + [ g(z) dz and p(z) =
zg(z) — V(z). Since g > 0, individual rationality is equivalent to V > 0. ‘Online Appendix D

establishes duality under moment and monotonicity constraints.

2.5 Feasible mean actions and freely chosen quantities

Define
a+ Bb

a+ fpa’

T =

which represents the ratio of the maximal to minimal output multiplier. On the unit interval,
A[O,l] =1 + /3/06

Proposition 1 (Range condition for incentive compatibility). An incentive-compatible conditional-

mean schedule exists if and only if

max;z<, q(2)
sup ———=——~2 < A+, 7
Py A7 (7)

If q is nonincreasing, the left side is q(z)/q(Z). In that case define
gr = (a+ Ba)g(z),  gu:= (a+ Bb)q(Z).

The range condition is gr, < gy. Every mean action m for which

a+ pfm
E/q(2)] < 99

is attainable by an incentive-compatible schedule.

11



Proposition 1 characterizes when a nondecreasing effective allocation can be fitted between the
pointwise bounds (a+ fa)q and (a+ Bb)q (cf. Yang and Zentefis, 2024, Remark 1). Economically, it
compares the range of the output multiplier with the variation in the quantity schedule: the action
multiplier must be flexible enough to absorb the maximal proportional decline in ¢. Feasibility of
the mean is a precondition, after which the design problem must accommodate the higher-order
moment restrictions required by stationarity.

The economic cost of the quantity commitment is underscored by removing it.

Proposition 2 (A freely chosen quantity schedule). Maintain Assumption 1 except that q is not
fized. Suppose z > 0, T = [0,1], and Assumption 2 holds. The institution chooses q and the

assignment rule subject to 0 < q < @, while preserving the target .

(i) Every feasible assignment rule is weakly dominated in output by one with ¢ = ¢ and a
deterministic nondecreasing action assignment that has the same marginal distribution of T .

Hence ¢ = q is optimal and preserves every aggregate moment of the action distribution.

(ii) In the auxiliary problem with only E[T] = m, m € [0,1], imposed, the least second moment
compatible with incentive compatibility is m?, attained by T = m. The range condition in (7)
then holds with strict slack.

Under the conditions of Proposition 2, setting ¢ = ¢ and sorting actions comonotonically with
type satisfies incentive compatibility while preserving any given action marginal. Thus, screening
adds no restriction on technologically feasible stationary targets. All dispersion requirements and
output losses derived below arise from giving up that freedom: under a prescribed schedule ¢, sorting
must operate through the monotonicity of ¢(a 4 7). We now characterize the action distributions

that can be implemented under this restriction.

3 Implementable Action Distributions

Under a nonincreasing quantity schedule, incentive compatibility restricts the action distribution
in a single way: it imposes a lower bound in the convex order. This section derives the bound,
shows that nothing else is required, and combines it with the transition law to obtain a criterion for

stationary implementation.

3.1 A convex-order lower bound

Maintain the screening primitives in Assumption 1(i)—(ii), and suppose ¢ is nonincreasing. In
particular, 7 C [0, 1] is closed, its endpoints satisfy a < b, and a + fa > 0.

Let P(T) be the Borel probability measures on 7. A marginal 7 € P(7) is implementable if a
Borel assignment rule with marginal 7 has a nondecreasing effective allocation g, = g(a+ fr,). Such

an assignment can be paired with transfers to satisfy weak incentive compatibility. For probability

12



measures mg, 71 on [a, b], write my <cx m if they have the same mean and

/cb(t)ﬂo(dt) < /gb(t)m(dt) for every continuous convex ¢ : [a, b] — R.

Convex order ranks dispersion at a common mean.
For m € [a, b], define

H=E[1/g(2), gn=2"0"

m T Y

H
0 (2) = gm/q;)““ 70, = £,(19,(2)).

The schedule 70, has mean m and holds the effective allocation constant at g,,. Set

gr = (a+ Ba)q(z),  gu = (a+ Bb)q(2).

Theorem 1 (Implementable action marginals). Under the screening primitives stated above, suppose
q 1S nonincreasing.

(i) A mean action m € [a,b] is attainable by an incentive-compatible assignment if and only if

9L < gm < gu- (8)
Equivalently, 10 (2) € [a,b] for every z.
(i) Suppose (8) holds. For every m € P(T) with mean m, the following are equivalent:

(a) 7 is implementable;
(b) ﬂ—')(:)n/ Sex T
(c) for every s € [a,b],

E[(s — 10 (2))4] < /T(s —t)pm(de), x4 = max{z,0}.

Every implementable marginal has an implementation satisfying E[T | Z] = r%(Z) and go = Gm.
(i11) If T = {t1 < --- < t;}, then, for probabilities p; > 0 with ijj =1 and ijjtj = m, the
marginal Zj p;ot, is implementable if and only if

J
S pilty — ) 2 Elt; - 0 (2)4),  G=2...0 -1 (9)
=1

Condition (8) also applies in this part. For J = 2, there are no interior inequalities.

The schedule that holds the effective allocation constant represents the least dispersed conditional-

mean schedule consistent with incentive compatibility. For any incentive-compatible schedule r, the

13



difference r — %, = (g — Gm)/(Bq) has the same sign as the nondecreasing function g, — g, so it
changes sign at most once, from negative to positive. Because two nondecreasing schedules with a
common mean that cross once from below are ranked in the convex order, this single-crossing property
establishes the lower bound on conditional means. Conditional Jensen’s inequality then extends
the bound to realized actions. Conversely, sufficiency follows from Strassen’s theorem (Strassen,

1965): in the kernel formulation of Leskeld and Vihola (2017, Theorem 1.1), any marginal 7 that

0

dominates m,,

in the convex order can be implemented by an assignment rule whose conditional
mean is exactly 70,.

On an interval 7 = [a,b], the deterministic assignment T' = 70 (Z) is feasible. Its induced
0
m

expectation of every continuous convex function of the action at mean m. If 7 exhibits discrete

distribution m,, is the minimal implementable marginal in the convex order and minimizes the

gaps, 70, remains an implementable conditional-mean schedule, although its law may assign mass
outside 7. Part (ii) characterizes all implementable marginals supported on 7 in both cases.

An assignment that holds g, constant leaves every agent indifferent across reports. Alternative
implementations of the same marginal may raise output through further sorting. The economic force
behind the lower bound is the decline in the prescribed quantity schedule. If ¢ were nondecreasing,
the constant assignment r(z) = m would be incentive compatible. Its degenerate law is weakly

dominated by 7% in the convex order, with strict dominance when ¢ is nonconstant.

3.2 Stationary targets and the marginal test

Let the transition law take the form

Qi(-[2)=CS(- [2)+(1=QQ(), 0<¢<1,  wSo=p, (10)

where {@t :t € T} is any weakly continuous family of probability measures. For a feasible mean m,
define

Au(m) == {7’[‘ eP(T): /tﬂ'(dt) =m, /@tw( dt) = u}, (11)
Ug(m) == {m € P(T) : 70 Sex T}
Equality between measures in (11) means equality on every Borel set of successor types.

Corollary 1 (Stationary implementation through action marginals). Maintain the hypotheses of
Theorem 1 and (10). Fiz a mean m satisfying (8). There exists a weakly incentive-compatible

assignment of mean m that preserves u if and only if
Au(m) NUy(m) # 2. (12)

For polynomial transitions with independent coefficient measures and target pp = Rg + Zévzl mpAy,
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this is equivalent to the existence of m € P(T) such that

T =ex T, /t%(dt)—mg (t=1,...,N), (13)

mi

provided the mean my satisfies (8).

When the target leaves the mean action undetermined, this criterion applies at each mean
satisfying (8). With a finite action set, stationary implementation reduces to a standard linear
programming feasibility problem: find probabilities p; > 0 that sum to one, match the target
moments, and satisfy (9). The transition technology determines what stationarity requires of the
action distribution, while the convex-order bound delineates what incentives permit under the

prescribed schedule.

Example 2 (Infeasibility under a third-moment restriction). Let Z ~ U[0, 1], ¢(z) = 1/(1 + z/2),
a=pF=1,and T ={0,3/10,7/10,1}. At m =1/2,

1
rO(z) = -+ gz.
Consider the marginal
on Lo+ s o+ s 4 2
T 7007 T 4007310 T 400 /10 T 5t

Its first three moments are

2710000 10000

1 3047 2123
(m1,ma,m3) = -

The first two moments are implementable on this four-action set. Lotteries between adjacent actions

with conditional mean 7, induce the marginal

1 17 17 1 181
Ti= 8+ =0 — — P (dt) = —.
T T 360 T 36010 T 360710 T 3600 ‘/ ™ (d1) = 5o
Mix this assignment with the endpoint lottery having the same mean at each type. A weight of
13/850 on the endpoint lottery gives second moment 3047/10000.

The marginal 7° violates the convex-order inequality at s = 3/10:

3 1

Jen0- 0,700 = (o < 136 = EIG/10 - 1521,

1000 ~ 120

On four distinct actions, normalization and the first three moments uniquely determine the probabili-
ties. The third-moment target therefore forces 7° and rules out incentive-compatible implementation.
In the context of the training technology in Example 1, the example shows that a finer multi-
stage training process restricts the designer rather than providing additional instruments. With

N preparation stages, stationarity requires the action marginal to satisfy N simultaneous moment

0

restrictions while maintaining convex-order dominance over 7,,. Consequently, each additional
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stage adds a moment constraint without expanding the designer’s degrees of freedom. Two stages
leave this target attainable; three stages render it impossible under the same quantity schedule and
target population. Appendix B verifies the computations and constructs a cubic transition law that

imposes these three moments under stationarity.

4 Sufficient Statistics for Stationarity

Corollary 1 characterizes stationary implementation via the action marginal alone, exploiting the
property that transition law (10) allows the marginal distribution of actions to fully determine
the successor distribution. Whether finitely many unconditional action statistics determine every
successor distribution is a property of the transition technology. Such statistics suffice if and only if
action-induced kernel differences are independent of current types and span a finite-dimensional
space. Its dimension is the minimal number of statistics needed to identify the successor law.
Equation (6), which supplies the moment restrictions analyzed from Section 5 onward, emerges as
the canonical polynomial instance of this representation.

Let Z be a compact interval with probability measure p, and let 7 be compact. A transition
family is jointly Feller if (z,t) — [ f(2/)Q¢(d7’ | z) is continuous for every f € C(Z). For a
continuous x : T — RY, write Z, := E,[x(T)], with uP, defined by (4). The statistic is sufficient
if Z, = T, implies uP, = uP, for all Borel assignment rules. It is sufficient among monotone
assignments if this implication holds when both conditional means of x;(7") are nondecreasing. A
sufficient statistic is minimal if its image has the smallest affine dimension.

Fix tg € T. If every difference Q:(- | z) — Q¢,(- | z) is independent of z, denote it by A; and
define

Dg :=span{A; : t € T}, dg = dimDy,.

If any kernel difference depends on current type, set dg = +oo. Thus infinite dimension covers both
type-dependent effects and a family of type-independent differences with infinite-dimensional span.

The definition is independent of the reference action.
Theorem 2 (Finite-dimensional sufficient statistics). Let T be compact, let p be atomless with full
support on the compact interval Z, and let {Qq : t € T} be jointly Feller.
(i) Suppose that x : T — R is continuous, aff x(T) = R%, and x1 is nonconstant. The following
statements are equivalent.
(a) x is sufficient for the next-period distribution.
(b) x is sufficient among monotone assignments.
(c) For every reference action ty, there are unique signed measures D1, ..., Dy, independent

of current type and with total mass zero, such that

d

Qu(d2" | 2) = Qi (d2' | 2) + Y [2i(t) — 2i(to)| Di( d=') (14)

=1
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for everyt € T and z € Z.

(it) A finite-dimensional continuous sufficient statistic exists if and only if dg < co. In that case
the minimum affine dimension of a continuous sufficient statistic is dg. If dg > 1, any two

mianimal sufficient statistics x,y : T — R9Q satisfy
y(t) = Mx(t)+c for everyt €T (15)

for some nonsingular matriz M and vector c.

(iii) Suppose that dg < co. Let x : T — R9Q be minimal and let & € cox(T). For any lottery m on
T satisfying [ x(t)w(dt) = T, the kernel

Qs(-12) = [ Qul | 2t
T
does not depend on the choice of w. If uQz = u, then

uhP, =p <= I,=1. (16)

Theorem 2 shows that unconditional statistics of the action suffice if and only if the action shifts
successor types through a component that is invariant to incumbent types, and the family of such
shifts has finite rank. The proof of necessity constructs perturbations that reallocate actions across
types while holding the aggregate statistic and monotonicity fixed: if all such assignments must
induce the identical successor distribution, kernel differences cannot depend on the current type.
The affine dimension dg counts the precise number of independent demographic targets, explaining
why a quadratic transition law yields a two-moment screening problem. Appendix C proves the
theorem, and Online Appendix A develops the polynomial case alongside a smooth transition family

of infinite rank.

Example 3 (Type-dependent transition effects). Let Z = [0,1], let 1 be uniform, and let 7 = {0, 1}.
Define

Qo(-[2) =00,  Qi(-|2) =(1—2)do+ 261,
where ¢, is the Dirac measure at y. The action-induced difference is
Q1(- | 2) = Qo(- | 2) = 2(61 — do),
which varies directly with current type z. Consider
A1y 12 =2 oP({1}]2) =1{z = 1/2}.

Both conditional mean actions are nondecreasing, and both assignment rules induce the identical

Bernoulli(1/2) marginal distribution of 7. They nevertheless produce distinct successor distributions:
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the probability of successor state 1 is

! 1 ! 3
/ 22dz == under O'A, / zdz == under o”.
0 3 1/2 8
The action marginal therefore fails to determine the successor distribution, even among monotone

assignments. In this example, the joint moment E[ZT] constitutes a minimal sufficient statistic.

Two structural considerations govern the interface between transition sufficiency and incentive
compatibility. First, the monotonicity in Theorem 2(i) applies to the conditional mean of x;(7"),
whereas incentive compatibility orders the effective allocation g(« + 7). Online Appendix B verifies
the representation theorem directly on the incentive-compatible domain when the range condition
holds with strict slack and the mean action is affine in the statistic; incorporating the mean action
into the statistic can increase the minimal dimension by one. Second, the dimension required to
identify every successor distribution can exceed the number of moment equalities needed to pin
down a specific boundary target, as characterized in Online Appendix C.

When action-induced kernel differences depend on incumbent types, the action marginal alone
no longer determines the successor distribution. For a representation Q(- | z) = Q°(- | 2) +
> ¢i(zt)A;(-), the relevant statistics are the joint moments E[p;(Z,T)]. Stationarity then
constrains how actions are matched to types. Online Appendix D develops the corresponding duality

theory and characterizes optimal lottery support when the dual optimum is attained.

5 Optimal Output under Two Moment Restrictions

Under a quadratic transition law, stationarity fixes the first two action moments, E[T] = m and
E[T?] = k. We characterize the feasible moment pairs and the assignments that maximize output.
For transitions of higher degree, the two-moment problem is a relaxation, so its value bounds what
the institution can achieve. The bound is not generally attained: Section 7 shows that where the
two-moment optimum is unique and deterministic, exactly one additional-moment target preserves
the two-moment value, and every other feasible target costs output. Throughout this and the next
two sections the objective is current output, as specified in Assumption 2.

Incentives and output both run through the conditional-mean schedule. The second moment
does not run through that schedule alone: it splits into the dispersion of the schedule and the

randomization carried out within types, and only the first component affects output.
E[T?%] = E[r,(Z)* + E[Var(T | Z)], Y (o) = aE[w] 4+ SE[wr,].

At a fixed mean, a change in the second moment is a change in the variance of the action, and
randomization within types can deliver that change while leaving the conditional-mean schedule

and output alone. Define the two-moment implementation set
So(m, k) := {0 : g5 € L (), E[T] = m, E[T?] = k}.
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In the preparation-stage reading, m and k are the success rates of one stage and of an ordered pair

of stages.

Comparative statics. We compare second-moment restrictions while holding ¢, u, and m fixed.
For a fixed quadratic transition law with independent coefficients, the target 4 = Rg + mA; + kAs
determines both moments uniquely. To vary the required k£ at the same population, consider the

technology family
Ro(k) = p—mA; —kAs, QM = Ro(k) + tA; + 24,.

Keep the persistence kernel fixed and restrict k to values for which @Ek] is a probability measure
for every t € [0, 1]. Stationarity then requires the corresponding second moment at mean m. This
comparison measures the output cost of the moment restriction at a fixed type distribution. Varying
the stationary population under a fixed technology would also change the type weights in the

objective.

Revenue. If p has density f, distribution function F', and virtual value ¢(z) = z —[1 — F(2)]/f(2),
the envelope formula gives revenue oE[w?] 4+ SE[wRT] — Vj, where w® = ¢q. Every result below
applies with w® in place of w; in particular the upper-tail rule of Theorem 4(ii) then requires ¢q to

be strictly increasing.

5.1 Second-moment bounds for a closed action set

For a conditional mean r € [a, ], the action set determines the minimum and maximum conditional

second moments. Let

Pr(r) = {Tr eP(T): /tTr(dt) _ T}

and define

Kr(r) = ﬂer;;iTrb)/tQW(dt),

Kr(r):= ﬂgp&;}({ﬂ/tQ m(dt).

For r € [a, b], write
t_(r) := max(7T N[a,r]), t4(r) :=min(7 N [r,b]).
Lemma 1 (Second-moment bounds). For every r € [a,b],

r? r _
Kr(r)= ’ €T K7(r)=(a+b)r — ab. (17)
P =t ()|t (r) =], ¢ T,
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The minimizing lottery is degenerate when r € T and otherwise mizes the two actions bracketing r.
The mazimizing lottery mizes a and b. The lower envelope is continuous and convex. It is strictly
convex on |a,b] if and only if T = [a,b)].
For any Borel conditional-mean schedule r(z), an aggregate second moment k can be implemented
if and only if
E[K(r(2))] < k < Kr(E[r(Z)).

Whenever these inequalities hold, there is an assignment rule that uses at most two actions at each

type.

Atomlessness permits two-action support at each type. Assigning the lower- and upper-envelope
lotteries to different sets of types matches the aggregate second moment while preserving every
conditional mean. A second-moment restriction at each type can require more support: on {0,1/2,1},

mean 1/2 and second moment 3/8 require all three actions.

5.2 Feasibility, value, and optimal assignments
Lemma 1 reduces the problem to the choice of a conditional-mean schedule. Define

Dy1:={re L*(u) :a <7 <b, gla + Br) has a nondecreasing representative},
Cy7(m) :={r € Dy 7 : E[r] =m}.

For a schedule r, let
H7(r) == E[Kr(r(Z))]

be the smallest aggregate second moment needed to implement its conditional means. Assume
Cq7(m) # @, and define

Ly7(m) := ecr,n;r% )Ji/fr(r),
T q, m
By 7(m, k) == Tegl&;}(cm) Efwr]. (18)
equ(T)Sk

The threshold Ly 7(m) is the minimum second moment consistent with mean m and incentive
compatibility. The value B, 7(m, k) measures the largest feasible E[wr]; its contribution to output
is BBy 7(m, k). At a feasible target k, conditional randomization can raise the second moment of
any schedule with J#7-(r) < k to exactly k.

Let

Mg 7(m) :=arg max El|wr],
r(m) =g Elur]

MC(m):= min J7(r).
a7(m) reMy 1 (m) 7(r)
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The threshold glf,-(m) is the least second moment required to attain the mean-constrained output

maximum, with incentive compatibility and the quantity schedule retained. Thus

Ly 7(m) < k(m) < K7(m).

Theorem 3 (Feasibility and optimal output). Suppose Cy7(m) # @.

(i) The two-moment problem is feasible if and only if

Lor(m) < k < Br(m). (19)
For every feasible k, the mazimum in (18) is attained, and current output is aE[w]|+SB, 7(m, k).
An optimal assignment rule can be chosen to use at most two actions at each type.
(i) On the interval in (19), the function k — By 7(m, k) is continuous, concave, and nondecreasing.

If Ly7(m) < ;nfr(m), it is strictly increasing on

[Lqg,7(m), kyir(m)]

and constant on
kg (m), K (m)].

If the two thresholds coincide, the value is constant on the entire feasible interval.

Raising k relaxes the second-moment restriction on conditional-mean schedules until an output-
maximizing schedule in Mg 7(m) first becomes feasible, which occurs at kj’7-(m). Beyond this
threshold, the institution maintains the output-maximizing conditional-mean schedule and satisfies
the higher second-moment target entirely through within-type randomization; further dispersion

yields no additional output.

Proposition 3 (Optimal assignment structure). Suppose Cq7(m) # @ and k satisfies (19).

(i) If k < k'3-(m), the second-moment constraint binds at every optimal schedule:
Hr(r) =k.
Every optimal assignment rule therefore uses the conditional lower-envelope lottery at almost

every type.

i) Suppose T = [a,b]. Then K+(r) =1r2. The minimizer defining L m) is unique, and the
T q,[a,b]
mean-constrained output mazimizers have a unique member with minimum L? norm. For

k< k;n[‘; b] (m), the optimal schedule T, is unique and every optimal assignment is deterministic:

T =ri(Z) almost surely.
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If Ly jap(m) <k < ko (m), there is A > 0 such that

ri =1He, ., ym) <%) ; (20)

where T¢ denotes the L?(p) projection onto a closed convex set C. If, in addition, m € ri{E[r] :
7 € Dy oy} there is m € R such that

w—n

e =Hp, |, <2)\> , E[r] =m. (21)

The multiplier X is a supergradient of k = By q4(m, k). At points of differentiability, it is
the marginal value of the second moment. If the joint two-moment dual is attained, \ can be

chosen as the multiplier on the second-moment restriction.

(iii) Suppose T = {t1 < --- < t;}. Then K is the piecewise-affine interpolation of t?. For
k< kf]n%(m), every optimal assignment uses the two adjacent actions bracketing its conditional
mean. The optimal schedule need not be unique. The set of mean-constrained output mazximizers

that minimize the required second moment may also contain more than one schedule.

For a quadratic transition law with independent coefficients, the target u = Ry + mA; + kAo is
implementable exactly when C,7(m) # @ and (19) holds. This combines the moment equalities
implied by stationarity with Theorem 3(i).

The difference between interval and finite action sets comes from the lower second-moment
envelope. On an interval it is strictly convex, which gives a unique deterministic optimum up to

;‘ﬁl 2 (m). With finite actions it is affine between adjacent actions, so distinct conditional-mean
schedules can attain the same value. Assumption 2 treats randomization as costless; direct lottery

costs would change the output comparison while leaving moment feasibility unchanged.

5.3 Explicit thresholds for nonincreasing quantities

For the rest of this section, let ¢ be nonincreasing, 7 = [0, 1], and « > 0. These conditions give an
explicit minimum second moment. If w = zq is strictly increasing, we can also calculate the second

moment required for the mean-constrained output maximum. Write

Dq = Dq,[O,l]a Lq(m) = Lq,[O,l](m)a k(I]nC(m) = 2?[((:)71] (m)

At a fixed mean m, differences in second moments are also differences in variances. Since an action
in [0, 1] has second moment between m? and m, the total variance range has length m(1 —m). The

two thresholds divide this range as follows:

m— m? = [Ly(m) — m?] 4 [K0(m) — Ly(m)] + [m — KP(m)]. 22)
Cq(m) Pg(m) Ng(m)
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The first term C,(m) represents the compliance floor: the minimal action variance required to
sustain incentive compatibility. The second term P,(m) constitutes the productive range, where
additional variance enables sorting higher actions to higher types and strictly increases output. The
third term Ngy(m) forms the neutral range, where the output-maximizing sorting is already achieved
and additional variance is absorbed costlessly by within-type lotteries.

Let

1
q(z
_|_

For an effective allocation g = ¢q(«

h(z) := H :=E[h], S = a+ pm.

) )
Br), the mean restriction E[r] = m is equivalent to
E[hg] = S.

Because ¢ is nonincreasing, h is nondecreasing. On the full action interval, the feasible nondecreasing

effective allocations take values in

gr =aq(z),  guv:=(a+pB)q(z).

Define g h2)
T’ v(dz) = ?u(dz).

Then E,[g] = g Here h is the reciprocal quantity schedule, H is its mean, and S is the total

gm =

effective allocation the mean restriction requires. Interpreting E[hg] = S as a resource budget
illuminates this change of measure: increasing the effective allocation g for a type with a smaller
committed quantity requires a larger adjustment in the action, thereby consuming more of the
aggregate mean action m. The probability measure v reweights the population measure p by h/H,
giving more weight to types with smaller prescribed quantities. The mean constraint, and hence
the cutoff below, is evaluated under v. A constant effective allocation satisfies the mean restriction
and is feasible exactly when g,, € [gr, gy]. For the remainder of this section, maintain the range

condition in Proposition 1.

Theorem 4 (Second-moment thresholds for a nonincreasing quantity schedule). Let T = [0, 1],

a > 0, and suppose that q is nonincreasing.

(i) Suppose g1, < gu and Gm € [g9L,9u]|. The unique incentive-compatible schedule with mean m

that minimizes the second moment s

_ gmh(2) —a _ Sh(z)/H —a

B B ’

B S% (E[h?]
Ly(m) = m? + 7 < 5~ 1) . (23)

Tm(2)

and the minimum 1is

(i) Suppose g1, < gu, gm € (91,9v), and w(z) = zq(z) is strictly increasing. There is a unique
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cutoff z* € (z,Z) satisfying

¥ =1\ _ 9m — gL
(z,3]) = I (24)

Up to null sets, the effective allocation that mazimizes output subject to the mean and incentive

constraints s
g°(2) = g+ (gu — gr)1{z > 2"}

The corresponding conditional-mean schedule is

and the least second moment supporting this output maximum is

K (m) = [g%E[hﬂ (g — ERLZ > 2*)]

N
—2a8 + oﬂ] . (25)

(iii) Under the conditions in part (ii), the length of the interval over which output increases is
H * = \2 = *
Py(m) = 5 {E,[h(3* = Gm)’] + 2Gim Cov,(h,g*)} > 0. (26)

If q is strictly decreasing, then all three terms in (22) are strictly positive. The two boundary
cases are
q constant = (Cq(m)v Pl](m)v Nq(m)) = (07 m(l - m)v O)a

and
gr=gu = Pg(m)=0,  Ly(m)=k(m).

The minimum-variance schedule holds the effective allocation, and hence the payment, constant
across reports, securing truthful reporting by making every type indifferent. At an interior feasible
mean, this variance is also the infimum under strict incentive compatibility, as Proposition 4 shows.

Part (ii) characterizes an upper-tail assignment rule: output is maximized by allocating the
maximal feasible effective allocation to types with the highest output weights. Because w is
strictly increasing, these types form an upper interval, and the resulting two-valued allocation is
automatically monotone. The cutoff z* is determined under v rather than u due to the budgetary
weighting E[hg] = S.

Both terms in (26) are nonnegative. The covariance term is nonnegative because h and ¢g* are
both nondecreasing, and the first term is positive in the interior case. The length P,(m) therefore
quantifies the variance capacity that the designer can productively channel into sorting.

The optimal effective allocation in part (ii) is constant on nondegenerate type intervals, so every

assignment attaining the maximum leaves some types indifferent across reports. Along the entire
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output plateau, strictly incentive-compatible mechanisms approach the weak maximum arbitrarily

closely without attaining it; Proposition 4 formalizes this limiting behavior.

5.4 Variance required by incentive compatibility

Equation (23) yields a simple expression for the first term in (22).

Corollary 2 (Minimum variance under incentive compatibility). Under the hypotheses of Theo-

rem 4 (i), s ,
Cy(m) = Ly(m) — m? = (m + E) CV2<6)7
where
9 B Var,(1/q)
VD)= &g

The minimum variance is zero if and only if q is constant p-almost everywhere.

Each component in the compliance floor reflects a distinct economic force. The squared coefficient
of variation of 1/¢ measures the relative dispersion of prescribed quantities: a schedule with greater
cross-grade variation forces the effective allocation to be reconstructed from a wider spread of
actions. The scale factor (m +a/3)? reflects the effectiveness of the action multiplier: it decreases in
8, meaning that when the action exerts a stronger effect on output, less action dispersion is required
to offset a given decline in ¢. This factor also increases quadratically in m, so the compliance cost is
not a fixed overhead. Incentive compatibility ties the proportional spread of o + SBr to the spread of
1/q, so a higher aggregate mean translates that fixed proportion into a larger absolute variance.
Consequently, an institution requiring a higher average training level faces quadratically escalating
variance costs under the same prescribed schedule.

Equally revealing is what the floor excludes. It depends solely on the marginal distribution of
1/q under p: two institutions whose quantity schedules share the same distribution face the identical
variance floor, regardless of how quantities are mapped to types. Monotonicity of g determines
whether the bound applies; the distribution of ¢ determines its magnitude. For an action set
with gaps, K (r) exceeds r? precisely when 7 ¢ T such conditional means require randomization
between the adjacent available actions.

Parts (ii) and (iii) of Theorem 4 require w(z) = zq(z) to be strictly increasing. For differentiable ¢
and nonnegative types, ¢(z) 4 2¢'(z) > 0 suffices, which for z > 0 reads z¢'(z2)/q(z) > —1: quantities
decline less than proportionately with type, so higher types remain the more valuable place to put
the action. Without that ordering, assigning the upper bound to the largest output weights can
violate monotonicity in type, and the cutoff rule fails even though the minimum-variance formula in

part (i) still applies.

Illustration. Take Z ~ U[0,1], a = =1, m = 1/2, and q(z) = (1 + z/2)~ 1. Theorem 4 gives
Lqy(m) = 0.28 and k;*°(m) ~ 0.3808. Second moments below 0.28 are not implementable at this

mean; output rises as k moves from 0.28 to 0.3808 and is flat from there to 1/2, where within-type
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lotteries supply the additional variance. Read along the second-moment axis, the two thresholds
are the interior boundaries of the compliance, productive, and neutral ranges in (22). The two
boundary cases bracket this one. With ¢ = 1 the thresholds are 1/4 and 1/2, so the entire variance
range is productive; with ¢(z) = (1 4 2)~! both equal 1/3, incentive compatibility pins down the
effective allocation, and no variance is left to allocate. All three are fixed-population comparisons of
the kind defined at the start of this section.

6 Strict Incentive Compatibility

Weak incentive compatibility makes truthful reporting optimal but allows other best responses.
Under the minimum-variance schedule, the effective allocation is constant, leaving every reporting
strategy as a best response. Because stationarity is evaluated under truthful reporting, alternative
best responses can change the realized action marginal and hence the successor distribution through
(3). The output-maximizing allocation in Theorem 4(ii) pools types on intervals and exhibits the
same indifference property. Requiring strict incentive compatibility ensures that truthful reporting
is the unique best response, thereby robustly securing the stationary reproduction of the population.
This robustness is available under the slackness conditions below at an arbitrarily small output cost:
the strict supremum need not be attained, but the shortfall can be made vanishingly small while

matching both prescribed moments exactly. A mechanism is strictly incentive compatible if

290(2) — p(z) > 295(2) — p(z) for all z # Z.

With the envelope payments, this is equivalent to g, being strictly increasing. Write 357 (m, k) for
the assignments in 3a(m, k) that admit pointwise strict implementation. Throughout this section, ¢

is nonincreasing and 7 is a general closed action set, as in Theorem 1. Thus

o= (0t fa)i(). v = (04 B, = gl

Proposition 4 (Strict implementation and the two-moment value). Maintain the screening primi-

tives of Theorem 1, with q¢ nonincreasing.

(i) Suppose
9L < gm < gu, Lq,T(m) <k< FT(m) (27)

Then 35T (m, k) # @. A member can be chosen with a continuous effective allocation g satisfying

9(2")—g(z) > c(2' = 2) for all 2/ > z, for some ¢ > 0.

(i) Under (27), fix such an assignment o. Let o be any pointwise weakly implementable version of

an assignment in Xo(m, k). For every 0 < 6 <1, the conditional lottery

op(dt | 2) = (1 —0)o(dt | 2) + 05(dt | 2) (28)
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belongs to X5 (m, k). It preserves both moments ezactly and converges to o uniformly in total
variation as 0 | 0. With the same lower-type utility Vo > 0, the envelope payments converge

uniformly as well. In particular,

sup Y(o)= max Y(o), Y(o):=E[Zq¢(Z)(a + BT)]. (29)
o €T (m,k) o€Xa(m,k)

The supremum on the left need not be attained.

(iii) If T = [a,b], condition (27) is also necessary for L5 (m, k) # @. At a weakly feasible mean,

(a4 fm)?
52

Thus, on an interval, strict implementation excludes the minimum second moment but does

Ly jap)(m) = E[(r7,(2))*] = m* + CV3(1/q). (30)

not exclude the maximum second moment Kr(m) = (a + b)m — ab.

The construction perturbs the effective allocation by adding a strictly positive slope. Centering
this perturbation preserves its budget-weighted mean under v, while the strict inequalities in (27)
ensure interior feasibility for the resulting conditional means. Lower-envelope lotteries implement
these conditional means at a second moment strictly below k, and mixing with endpoint lotteries
restores the aggregate second moment to exactly k. Finally, mixing this strictly incentive-compatible
mechanism with any weak optimum preserves both moments exactly while converging to the weak
output maximum as the perturbation weight vanishes. Under quadratic transitions, every such
mixture exactly preserves the target moments, ensuring that the approximation never destabilizes
the stationary population.

The two excluded cases are exactly the two configurations that force a constant effective allocation:
a boundary of the feasible mean range, and, with interval actions, the minimum second moment.
With gaps in the action set, the strict second-moment inequality is sufficient but not necessary.
With constant ¢ and two actions, for instance, the mean already fixes the second moment, and
strictly increasing conditional probabilities still implement an interior mean strictly.

Corollary 3 extends the construction to further moments, and Example 4 shows why a boundary
target can rule out strict implementation. Both sides of the trade-off are linear in #: the lower
bound on an agent’s gain from truthful reporting is proportional to the weight placed on the strict
assignment, and so is the output forgone relative to the weak maximum. The institution therefore

buys uniqueness of the truthful best response at a constant rate.

7 The Cost of an Additional Moment Restriction

An additional moment restriction can alter the set of feasible assignments and strictly reduce
output below the two-moment maximum. This section characterizes the targets that preserve the

two-moment value, decomposes the output loss when the two-moment optimum is deterministic and
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its second-moment constraint has a positive multiplier, and establishes when strict incentives can
be sustained.

Under the three-stage preparation technology of Example 1, stationarity prescribes more than
the success rate m of a single stage and the rate k of an ordered pair. It also prescribes ms = b3, the
share of successors who complete every stage. An institution that reproduces its population must
deliver a fully trained share as well as an average level of preparation, and this third requirement

can bind where the first two do not. In general the additional restriction takes the form
Elp(T)] = =,

where ¢ : T — R is continuous and is not in span{1,t,#*} on 7. The restriction arises from a

transition law with one additional coordinate,
Q¢ = Ro + tA1 + Ay + o(t) Ay,

where Ay, Ay, A, are linearly independent signed measures of total mass zero.

A fixed technology and target determine x. To compare restrictions at the same ¢, u,m,k,
hold the coefficient measures fixed and set Ro(x) = p — mA; — kA — xA,. For each = such
that Ro(x) + tA; + t2As + ¢(t) A, is a probability measure at every ¢ € T, stationarity requires
E[p(T)] = « among assignments that match m and k. The allocation value below is defined at every
IC-feasible moment value; the reading of x as a stationarity requirement applies on the subrange
that yields probability measures.

Fix a feasible pair (m, k), write ¥g := ¥o(m, k), and define

Y (o) = E[Zq(Z2)(e + BT)], My(0) := Elp(T)],
\CRES (rTré%)gY(a), 35 = arggrgg;Y(a),
I, = My(%y), I3 o= My(S3).

For x € I, let
Yo(x) :={o € Xy: My(0) =z}, Y (z) ;= max Y(0),
0€X, ()

and call Y5 — Y, () the output loss at x. Thus I, contains all attainable additional-moment values

and I7 those attained by a two-moment optimizer.

7.1 Attainable moment values

Proposition 5 (Moment values attained at the two-moment optimum). The sets I, and I, are

nonempty compact intervals, and Y, is concave and upper semicontinuous. For every x € I,

Yo(z)=Ys <<= =wxel] (31)
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Suppose every two-moment optimizer has the same conditional-mean schedule r*. Define

Ly 7+ (k) := min{E[p(T)] : E[T | Z] = *(Z), E[T?] = k},
Uy 7 (k) = max{E[p(T)] : E[T | Z] = r*(Z), E[T?] = k}.

Then
IZ’; = [Ly 70+ (k), Up 1,0 (k)] (32)

If the two-moment optimal assignment rule o* is unique, this interval is the singleton {Eq«[p(T)]}.

If this unique assignment is deterministic, write its moment value as

Within-type lotteries can change M, while preserving conditional means and output, so I;; can
contain several values. If 7 = [0, 1] and Ly(m) < k < k;*°(m), the two-moment optimum is unique

and deterministic. In that case I = {xL} for every continuous ¢.

Corollary 3 (Strict implementation of additional interior moments). Maintain the hypotheses and
inequalities of Proposition 4(i). For every x € ril,, a strictly incentive-compatible assignment exists
in Xy (z), and

sup Y (o) =Y, ().
o€X ()
go Strictly increasing

More generally, the same conclusion holds for a finite vector of continuous action statistics when its

target lies in the relative interior of their joint image over Xo(m, k).

Relative interior is taken in the moment set attainable under IC and the first two moment
restrictions. At such a target, one can construct a strict implementation and mix it with a weak
optimum without changing any moments. A boundary target can instead force pooling, as the next

example shows.

Example 4 (A boundary of strict implementation). Let Z ~ U[0,1], ¢(2) =1/(14+2/2), a = 8 =1,
and 7 = {0,3/10,7/10,1}. Fix
1 33
m= g, = 100"
Here g, = 6/5 lies strictly between 1 and 4/3, and L, 7(m) = 181/600 < 33/100 < 1/2, so the
two-moment constraints admit strict truthfulness. For ¢(t) = 3, the weakly attainable third

moments are exactly
[ 277 311 ]
3= .

12007 1200 (33)

The third moments attainable under strict incentive compatibility form the open interval with the

same endpoints. At the upper endpoint the unique action marginal is

1 289 17 A1
= _—6y+==9 ) — 4. 4
™= 3600 1 504010 T 750710 T 55501 (34)
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All four probabilities are positive, so the three-moment vector is interior to the unrestricted moment
polytope. The convex-order inequality of Theorem 1(iii) nonetheless binds at s = 3/10 for =,
forcing the effective allocation to be constant almost everywhere. Strict incentive compatibility is
therefore impossible. The lower endpoint has the same obstruction at s = 7/10. Appendix F verifies
the example and constructs a cubic transition law under which either endpoint is a stationary target

admitting weak but not strict implementation.

An interval-action version appears in the proof. Prescribing the first six moments of 7' on [0, 1]
forces the same finite support and excludes strict implementation. Its first two moments alone

satisfy Proposition 4(i).

7.2 Shadow prices and exact output loss

Define the penalized two-moment value

W, (6) = max{Y (o) — M, ().

For a closed convex set C C L?(u), let
Ne(z) :={v: (v,y —x) <0 for every y € C}
denote its normal cone at x.
Theorem 5 (Shadow price and output loss). (i) For every x € I,
Y, = inf{¥,(0) + Oz }. 35
o(z) = Inf { Ty (0) + O} (35)

For every x € ril,, the infimum is attained. Whenever a minimizer exists, every minimizing
0 is positive when x < infI7 and negative when x > supI. Al every x € I7, 0 =0 is a

minimizer. At an endpoint of this interval, nonzero minimizing multipliers may also exist.

(ii) Suppose T = [0,1] and Ly(m) < k < kj**(m), and let v* be the unique two-moment optimum.
Suppose there are n € R, A >0, and n € Np,(r*) such that

w—nl—2\r" =n. (36)

The relative-interior condition in Proposition 3(ii) is sufficient for such a KKT triple to exist.
For any x € I, and 0 € ¥,(x), let

d:=E[T|Z]-r", Vs :=E[Var(T | Z)].
Then

Y2 - Y(0)

5 = M5 + Vo) = {n.d). (37)
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If n = Bq€ for an IC multiplier £, then — (n,d) = — (€, g5 — gr+). Each term on the right side
of (37) is nonnegative. Equality holds only when T = r*(Z) almost surely. Hence :Uf; 15 the

unique moment value with no output loss.

An optimal 0 represents a supergradient of Y,; at points of differentiability, it measures the
marginal output effect of increasing the moment target x. Part (ii) gives an exact accounting of the
output loss relative to the deterministic two-moment optimum, decomposing it into three distinct
economic channels. In output units divided by 3, A Hd||§ represents the cost of distorting conditional
means away from r*; AV, measures the loss from variance absorbed by within-type randomization;
and — (n, d) reflects the shadow cost of binding allocation constraints.

The first and third terms depend exclusively on the departure of conditional means d, quantifying
the output forgone by sorting types suboptimally relative to 7*. The second term depends only
on within-type randomization V,. Within-type randomization affects no conditional mean and
generates no direct output; however, it absorbs variance that could otherwise be deployed to separate
conditional means across types.

The multiplier A prices the second-moment budget in the first two terms. It is the shadow
price identified in Proposition 3(ii). Concavity of the two-moment value implies that this price is
nonincreasing in k. Within the productive range, a given amount of within-type variance or squared
displacement of conditional means therefore carries a weakly higher charge when the second moment
is closer to Lq(m).

The normal cone Np, () encapsulates both the action bounds and the monotonicity of the
effective allocation ¢(a + Br). When n = (¢€, the final term isolates the shadow price of the
incentive compatibility constraint. This decomposition holds for any continuous function ¢, which

enters only by selecting the feasible assignments that satisfy target x.

Proof idea. Concave duality gives the shadow-price formula. The loss identity follows from the
two-moment optimality condition: w equals a constant plus 2Ar* and the normal vector n. Since
both assignments have the same second moment, their difference satisfies —2 (r*, d) = ||d||3 + V,.

Substitution gives the three nonnegative loss terms.

8 Conclusion

Reproducing a population is an aggregate requirement; screening is an allocative requirement
governing how actions are matched to types. This paper examines how the two interact when an
institution has committed in advance to a prescribed quantity schedule. Under a nonincreasing
schedule, incentive compatibility restricts the action distribution in a single fundamental way:
through a convex-order lower bound generated by the conditional-mean schedule that holds the
effective allocation constant. A stationary target distribution is implementable if and only if some
action marginal dominating this bound reproduces it, and the transition technology dictates whether

this condition reduces to finitely many aggregate action statistics.
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This convex-order bound directly translates into an economic cost. On an action interval, it
implies a sharp variance floor that increases with the relative dispersion of committed quantities
and decreases with the effectiveness of the action multiplier. Variance above this floor is initially
productive, enabling sorting until output reaches its mean-constrained maximum; beyond this point,
within-type lotteries absorb any residual variance required by stationarity without output loss. At
an interior feasible mean and a feasible second moment above the floor, strict incentives approach
the weak output maximum. Further moment restrictions can lower output and compel pooling
at boundary targets. In the productive range, the loss relative to the deterministic two-moment
optimum separates into three terms under the stated multiplier conditions. The value and loss
results also apply to revenue with ¢q replacing zq; the upper-tail rule requires ¢g to be strictly
increasing.

This cost is driven by the quantity commitment rather than by the stationarity requirement
itself. With nonnegative types and interval actions, an institution free to choose quantities would set
them at the common upper bound and sort actions comonotonically, preserving any technologically
feasible action marginal. Under a prescribed schedule, sorting must operate through the effective
allocation, and the commitment binds on two margins: it imposes a variance floor that can rule out
incentive-compatible implementation of technologically feasible targets, and it limits the extent to
which required dispersion can be converted into sorting, pricing that loss in forgone output.

Three modeling features define the scope of this analysis and suggest natural directions for future
inquiry. First, randomization is costless in our benchmark (Assumption 2); direct administrative
costs of lotteries would change the designer’s objective while leaving moment feasibility unchanged,
including where lotteries supply residual variance. Second, short-lived incumbents (Assumption 1(ii))
keep the reporting problem static, ensuring that incentives order the effective allocation alone.
Extending the framework to long-lived agents would introduce continuation values, coupling current
reports to future private types. Third, exact period-by-period reproduction (Assumption 1(iv)) fixes
the aggregate action requirements for each cohort. The analysis therefore concerns assignments that
reproduce the target in every period.

More broadly, the methodology developed here applies whenever an aggregate distributional
constraint falls on one variable, incentive compatibility orders another, and an inflexible schedule
links the two.
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A Proofs for Screening Feasibility

Proof of Proposition 1. Incentive compatibility requires a nondecreasing effective allocation g be-
tween (a+ fa)q and (a+ Bb)q. Thus, for Z < z,

(a4 Ba)q(2) < g(2) < g(2) < (a+ Bb)g(z),

which gives (7). Conversely, under that condition,
go(z) := (a + Ba) max q(2)
z<z

is continuous, nondecreasing, and lies between the required bounds. Its conditional mean (go/q—«)/3
lies in [a, b] and is implemented by an endpoint lottery.
If ¢ is nonincreasing, the running maximum is ¢(z). The range condition becomes g;, < gy, and

every constant g € [gr, gu] is feasible. The mean equality E[hg] = S selects g = S/H = g, O

Proof of Proposition 2. Let m be the action marginal of any feasible assignment. Atomlessness and
full support of u imply that T7(z) = F-

—~1(F,(2)) is nondecreasing and has marginal 7, so it preserves

all transition moments. Since Z > 0, ¢ < ¢, and o + 51 > 0, the rearrangement inequality gives
E[Zq(Z)(a + BT)] < ¢{aE[Z] + BE[ZT]} < ¢{aE[Z] + BE[ZT']}.

The last value is attained under ¢ = g, whose effective allocation is nondecreasing. This proves (i).
For (ii), Jensen gives E[T?] > m?, attained by T = m on [0, 1]. The constant quantity schedule has
range ratio 1 < (a + f)/a, since a > 0, so the range condition holds strictly. O

B Proofs for Implementable Action Distributions

Proof of Theorem 1. Mean feasibility. Any nondecreasing effective allocation with an action in
[a,b] lies between g7, and gy. To see the lower bound, use g(z) > (a + Sa)q(z), monotonicity of
g, continuity of ¢, and full support of u, and let types approach z. The upper bound follows by
approaching Z in g(z) < (a + b)q(z). Since E[(1/q)g] = o + Bm = H gy, their weighted mean g,

must lie between these bounds.

0

m € la, b] pointwise. This follows by evaluating its smallest value at z

Conversely, (8) implies r

and its largest value at Z; g,, > 0 and 1/q is nondecreasing. For each type, randomize between a

0
m

and b with probability (r% (2) —a)/(b—a) on b. The resulting mean is r0,, so the aggregate mean is

m and g = gp,. Constant payments then implement the assignment. This proves part (i).

The convex-order lower bound. Fix any incentive-compatible assignment of mean m, and write
r=E[T|Z], ro =71, and g = q(a + Br). Choose a nondecreasing representative of g. Both r and

ro are nondecreasing. Indeed, a + fr = g/q is the product of two positive nondecreasing functions,
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and a + Bro = gm/q. Also,

g — gm
Bq

r—1r0 = E[r —ro] = 0.
The difference can change sign only from negative to positive.

To establish convex order, let F' be the distribution function of u and define, for 0 < u < 1,

Atomlessness and full support make F' continuous and strictly increasing on the type interval. The

difference R — Ry has integral zero and the same sign pattern as r — rg. Consequently
/ [R(v) — Ro(v)]dv <0 for all u € [0,1], (B.1)
0

with equality at u = 1. Before the sign change, the integrand is nonpositive. After the sign change,
the integral equals minus the remaining nonnegative tail. For any bounded nondecreasing function
X on (0,1),

/01(5 ~ X (@) do = uax {Su - /OuX(U) dv} .

The maximum includes precisely the initial segment where X (v) < s, with any part of a flat segment

at s immaterial. Applying this identity to (B.1) gives
El(s —7r0(2))+] <E[(s —r(Z))4+] for every s € [a,b].

Every continuous convex function on [a, b] is a uniform limit of convex piecewise-affine functions.
Each approximating function is affine plus a finite nonnegative combination of (s — ¢);. Equality of

means therefore implies £(ro(Z)) <ex £(r(Z)). Conditional Jensen’s inequality then yields
T Sex L(1(Z)) Zex L(T).

This proves necessity in part (ii), as well as the equivalence of its convex-order condition and the

expectation inequalities.

Sufficiency of the convex-order bound. Suppose 70, <. m. By the martingale-coupling theorem of
Strassen (1965), as stated in Leskeld and Vihola (2017, Theorem 1.1), there is a probability measure
v on [a,b] x T with marginals 70, and 7 for which E,[T | X] = X almost surely. Disintegrate
with respect to its first marginal to obtain a Borel probability kernel K(dt | z). On the 7Y -null
exceptional set where its mean is not x, replace K by the endpoint lottery with mean x. This
replacement is measurable and leaves v unchanged.

Now set
o(dt|z):=K(dt| r?n(z)).
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It is a Borel assignment rule, its marginal is 7, and its conditional mean is 70 (2) at every type.
Its effective allocation is g,,. For example, the constant payment p(z) = zg,, gives truthful utility
(z — 2)gm > 0, independent of the report. The mechanism is pointwise weakly incentive compatible

and individually rational. This proves sufficiency and the final claim in part (ii).

The finite-action test. Define

J
D(s) =) pi(s —ti)+ — E[(s — rp,(2))+].
i=1

On each interval [t;,t;41], the first term is affine and the second term is convex, so D is concave. It
is nonnegative on that interval whenever it is nonnegative at both endpoints. Moreover D(a) =
D(b) = 0 because both distributions are supported on [a,b] and have mean m. Thus the expectation
inequalities hold for every s exactly when (9) holds at the interior action levels. This proves
part (iii). O

Proof of Corollary 1. For any assignment with marginal m,

WP ZCM+(1—C)/@M(dt)-

Since ¢ < 1, stationarity is equivalent to the measure equality in A, (m). Theorem 1(ii) characterizes
the implementable marginals as U (m), proving (12). For sufficiency, implement any marginal in
the intersection with a constant effective allocation. The aggregate transition depends only on
that marginal. For the polynomial specialization, integrating the polynomial kernel and using
independence of Aj,..., Ay makes the measure equality equivalent to the displayed moment

equalities. This gives (13). O

Verification of Example 2. Here H = 5/4, g, = 6/5, g1, = 1, and gy = 4/3, so the mean is feasible
and r = 1/5+ 3z/5. Its law is uniform on [1/5,4/5]. On [1/5,3/10], the adjacent-action lottery
puts probability (3/10 —r)/(3/10) on zero. Integrating with density 5/3 yields marginal mass 1/36
on zero. Symmetry gives the same mass on one and mass 17/36 on each of 3/10 and 7/10. These
lotteries have conditional mean r9, and constant effective allocation. The endpoint lottery with that
same conditional mean has marginal masses (1/2,1/2) on (0, 1), and hence second moment 1/2.

The mixture weight solves

181 1 304 1
(-0t gt 30T, 1

= — = — 1).
600 2 10000’ 850 €01

It preserves the conditional mean pointwise and thus establishes two-moment feasibility on the same
action set.

Direct summation gives the first three moments of #°. Its expectation of (3/10 — T')4 is
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(3/10)(1/100) = 3/1000. For the benchmark with constant effective allocation, the expectation is

5 3/10 1
° 10— r)dr = —.
3{%)5 (3/10 ) dr =

The four-by-four Vandermonde matrix with columns (1,1;, t?, t;’)—r is nonsingular. Hence the first
three moments and normalization identify 7° uniquely on 7. The violated convex-order inequality
rules out an incentive-compatible assignment matching all three moments.

To exhibit a compatible stationary environment, let

() =22 -1,
f2(2") = 6(')* = 62 + 1,
f3(2') = 20(2") = 30()% +122' — 1.

These linearly independent polynomials have zero integrals on [0, 1] and absolute value at most one

there. Let p remain uniform, use the displayed target moments, and define, for ¢ € [0, 1],

1 3

Qu(d?) = |1+ 1 ;(té —my) fo(#')| dZ.
The density integrates to one and is at least 1/4, because [t* — my| < 1. Its coefficient measures
are independent and its dependence on (z’,t) is continuous. Set ¢ = 0. Stationarity of the uniform
target then holds exactly when E[T¢] = my, £ = 1,2,3. The marginal 7° reproduces that target
without incentive constraints, but no truthful assignment does. The two-moment relaxation remains

feasible by the construction above. O

C Proof of the Transition Representation

Proof of Theorem 2. (i) Representation. Integration proves (c)=>(a), and (a)=-(b) is immediate.
Assume (b). Fix ¢t,u € T, choose t*,t~ with z1(t*) > z1(t7), and let 7° put positive mass on every
distinct action in {t,u,t",t"}. With s(z) = (2 — 2)/(z — z), set

ab(dv | 2) = 7%(dv) + v[s(2) — 1/2](6,+ — §,-)(dv).

For small v > 0, this is a probability kernel whose conditional mean of x; has strictly positive
constant slope. For any f € C'(Z) with E[f] = 0, the perturbations

oF(dv | 2) = ob(dv | 2) £ ef(2)(6 — 6u)(dv)
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remain nonnegative with nondecreasing conditional means of x; for sufficiently small € > 0. Their

aggregate statistics coincide. Writing Q¢¢(z) = [ ¢(2')Q¢(d2’ | 2), sufficiency gives

/ F@[Qi(2) — Quéla) u(dz) =0 (6 € C(2)).

Zero-mean C! functions are dense in the zero-mean subspace of L?(p). Hence the bracketed
continuous function is constant u-almost everywhere, and full support makes it constant everywhere.
Continuous test functions separate measures, so (J; — @), is independent of current type.

Fix ty. Choose t1,...,t4 such that the vectors x(t;) — x(to) form a basis, and define the unique

signed measures D; by

d
Ay =) [i(ty) —zi(to)|Di,  j=1,....d. (C.1)

i=1

They have zero total mass. For any ¢, write () — z(to) = >_; ¢j[z(t;) — z(to)]. The signed measure

w = 51& — 6150 — ch(étj — 6t0)
J
has zero mass and zero z-moment. If w # 0, its normalized positive and negative parts define
constant assignment rules with the same statistic. Thus [ A,w(dv) = 0, also true when w = 0.

Combining this equality with (C.1) gives (14), including uniqueness.

(i) Minimal dimension. Removing redundant affine coordinates and applying (i) gives d > dg
for every sufficient statistic of positive affine dimension d. If a zero-dimensional statistic suffices,
compare the constant action v with an assignment using ¢ on any Borel set A and u elsewhere.
Then [,(Q¢ — Qu) dp = 0 for every A; continuity and full support imply Q; = Q. Thus dg =0,
which also plainly suffices.

For 0 < dg < oo, choose a basis Dy, ..., D4, of Dy and define

dq
Ay=> xi(t)Di,  w(to) =0. (C.2)
i=1

Choose continuous test functions ¢; for which ([ ¢; dD;);; is nonsingular. Testing (C.2) against
these functions shows that z is continuous by the Feller property. Its image spans R%, and
integration makes it sufficient, proving minimality. Any two minimal statistics represent bases of

Dg; the change of basis gives (15).

(ii1) Stationarity. For a minimal statistic, the D; are linearly independent. Integrating the

representation under any lottery of mean statistic T gives

Qto + Z — I tO ,U,Po - MQ:? = Z(jo,i - -fz'z)Dz

%
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The first identity makes @z well defined; the second and linear independence give (16) when
pQz = p. O

D Proofs for Optimal Output under Two Moment Restrictions

Proof of Lemma 1. If r ¢ T, let £ =t_(r) <r <wu=1t4(r). Since (t —£)(t —u) > 0 on T, every

lottery of mean r satisfies
E[T%] > (0 +u)r — bu =12+ (r — £)(u—r).

Equality requires the unique mean-r lottery on {f,u}. For r € T, Jensen gives the bound 72,
attained only by 6,. Similarly, (¢ — a)(t — b) < 0 gives E[T?] < (a + b)r — ab, with equality only for
the mean-r endpoint lottery. Mixing these extremal lotteries attains every intermediate moment.
This proves (17). The lower envelope linearly interpolates r? across gaps of T it is continuous,
convex, and Lipschitz, and is strictly convex on [a, b] exactly when T = [a, b].

For a Borel conditional-mean schedule r, integration gives
E[K7(r(2))] < E[T?] < K7(E[r(2)).

The extremal lotteries are Borel in 7. Let d(z) = K7(r(z)) — K1(r(z)). The measure 9(A) = [, d du
is atomless, so its range is [0, E[d]] by Lyapunov’s theorem (Aliprantis and Border, 2006, Theorem
13.33). Choosing a set A of the required ¥-mass and using the upper lottery on A and the lower
lottery elsewhere attains the target second moment with at most two actions at each type, preserving

every conditional mean. ]

Proof of Theorem 3(i). The set Cy7(m) is bounded, convex, and norm closed in L?(u). For closed-
ness, an L?-convergent sequence of effective allocations has a subsequence converging almost
everywhere; its monotone limit extends by one-sided limits from the full-measure, dense set of
convergence. The pointwise bounds and mean equality are also closed. Reflexivity therefore makes
Cq7(m) weakly compact. By Lemma 1, J#7(r) = E[K +(r)] is convex and norm continuous, hence
weakly lower semicontinuous. Its minimum is attained, and every nonempty sublevel set is weakly
compact. The linear objective E[wr] attains its maximum on each such set.

The lemma also shows that a conditional-mean schedule r € C; 7(m) can implement exactly the
second moments #7(r) < k < K7(m). Minimizing the lower bound proves (19). Applying the
lemma to an optimal r implements the exact moment k£ with at most two actions at each type and

preserves E[wT] = E[wr]. This proves (18) and the output formula. O

Proof of Theorem 3(i1). Write L = Ly 7(m), K = ki*-(m), U = K7(m), and B(k) = By 1(m, k).
Mixing feasible mean schedules, using convexity of J#7 and linearity of output, proves concavity of

B. Expanding sublevel sets give monotonicity.
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If L < U, concavity gives continuity on (L,U). For k,, | L, weak compactness gives a weak limit
of a subsequence of optimal schedules. Lower semicontinuity makes the limit feasible at L, and
continuity of output gives B(k,) — B(L). At U, mix an optimizer ryy with a minimizer rz, of 7.
For 6 < 1,

Hr(Org + (1 —0)rp) <0U+ (1 —-0)L < U,

while output tends to B(U) as 6 1T 1. This proves left continuity. The case L = U is immediate.

A mean-constrained maximizer with required moment K is feasible for every k > K, so B is
constant on [K,U]|. If B(k1) = B(ks) for L < k; < k2 < K, concavity and monotonicity give
B(k1) = B(K). An optimizer at k1 < K would then attain the mean-constrained maximum with
required moment below K, a contradiction. Hence B is strictly increasing on [L, K] when L < K,

and is constant throughout when L = K. O

Proof of Proposition 3. (i) Binding and lower-envelope lotteries. Write L = Ly 7(m), K = ;’“%(m),
and B(k) = By 7(m,k). Any optimizer at k < K has #7(r) = k: a smaller required moment
contradicts the definition of L at k = L, strict increase of the value at L < k < K, or the definition
of K at k = K. The nonnegative conditional gap E[T? | Z] — K(r(Z)) therefore vanishes almost

everywhere. The lemma’s equality conditions give the lower-envelope lottery at almost every type.

(i) Interval actions. Here (1) = ||r||3. Strict convexity gives a unique minimum-norm feasible
schedule and a unique minimum-norm mean-constrained maximizer. For any k < K, two distinct
optimal schedules would have an optimal midpoint with norm squared below k, contradicting (i).
Conditional Jensen then makes every optimal assignment deterministic.

At L < k < K, the minimum-norm schedule is strictly feasible. Slater’s condition gives an
attained multiplier A > 0 for which ry maximizes E[wr — Ar?] over C, 4(m). Since B(k) < B(K),
A > 0. Completing the square gives (20). Define

®y(s) = sup E[wr— Ar?.
TEDq,[a,b]
E[r]=s

This finite concave function has a supergradient 7 at the relative-interior mean m. For any r € Dy (4.3,
E[(w — n)r — Ar?] < ®y(m) — ngm = E[(w — n)ry, — ).

Completing the square proves (21) and its normal-cone form.

If the joint dual is attained at (w], @3, "), its second-moment component is a supergradient of
B; B(K) > B(k) implies w3 > 0. Complementary slackness gives (£*, gr,) = 0, and the support
condition makes 7, maximize [w — w} — B¢€*]r — wir? pointwise. Integration, cancellation of the

mean terms, and (€*, g,) <0 give

E[wry — wgr,%] > Elwr — w§r2] (re Cq,[a,b) (m)).
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Thus (20) holds with A\ = w3.

(#ii) Finite actions. The lower envelope is affine between adjacent actions, so (i) gives the claimed
adjacent-action lotteries. Nonuniqueness occurs for Z ~ U[L,2], ¢(z) = 1/z, a = 0, f = 1,
T ={1/4,3/4,1}, and m = 9/20. The distinct schedules

ri(z) = — ro(z) =z [10 100

3 - 14/9]

are incentive compatible, have mean m, and lie in [1/4, 3/4], where K (r) = r — 3/16. Both attain
the Jensen bound J#7(r) > K+(m) = 21/80. Since w = 1, every mean-m schedule also maximizes
output. Thus L = K = 21/80, with both schedules optimal. O

Proof of Theorem /4. Take a nondecreasing representative of the effective allocation

g =q(a+pr).

By Proposition 1, the feasible effective allocations are the nondecreasing functions with values in
[91, gu]. The mean-action restriction is
Elhg] = S.

Part (i): the minimum second moment. The schedule r0, has mean m, is feasible under the
hypotheses, and makes g = g,,, = S/H. By Theorem 1(ii), its distribution is below that of every
incentive-compatible action in convex order. Applying the convex test > shows that the deterministic
assignment 7' = 70 (Z) minimizes the second moment. The set of feasible mean schedules is convex
and the squared L?-norm is strictly convex, so the minimizing conditional-mean schedule is unique.

Equality in conditional Jensen for t? also requires the minimizing assignment to be deterministic.
S (h
0
Tm—m=—|—=-1],
bon=5 (@)

Part (ii): the mean-constrained output maximum. Let

Finally,
which gives (23).

v(dz) = hl(;)u(dz).

The mean constraint becomes E,[g] = g, and
H o
Elwr| = =E,|lwg] — =E|w]|.
or] = Z By [wg] = ZE[v]

It is therefore enough to maximize E,[wg] subject to

9L < 9 < gu, Eu[g] = Jm-
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First drop monotonicity. Maximizing the linear objective assigns gy to the largest values of w and
gr, to the remaining types. Since w is strictly increasing, the maximizing set is an upper interval,
unique up to a v-null set. The resulting allocation is itself nondecreasing and therefore satisfies
incentive compatibility.

The required upper-tail probability is

9m — gL

gU — 9L
The measure v is atomless and has full support, so its upper-tail mass is continuous and strictly
decreasing in the cutoff. This gives the unique z* in (24) and the effective allocation ¢g* stated in
the theorem. The corresponding conditional-mean schedule is 7, = (hg* — «)/f. It is unique up to
null sets. Since the action set is the full interval, the deterministic assignment 7" = r,(Z) has the
smallest second moment among assignments with this conditional mean. Computing E[?Z] gives
(25).

Part (iit): the distance between the thresholds. The two schedules have the same mean. Hence

B?Pg(m) = BE[(7y)? — (rpn)?]
=E[r*((9")* — )],

where the term linear in g* — g, vanishes because E[h(g* — gn,)] = 0. Expanding around g,, and

using E,[¢*] = g, yields
H * — \2 = *
Pq(m) = ? {Ey[h(g — m)] + 2Gm Covy(h, g )} .

The first term is strictly positive because g* takes both boundary values on sets of positive v-measure.
The covariance is nonnegative because h and ¢g* are nondecreasing. This proves (26) and its strict
positivity.

Suppose now that ¢ is strictly decreasing. Then h is nonconstant, so (23) gives C4(m) > 0. On
the nonempty interval (z, z*), the optimal effective allocation is gr. Strict decline and g;, < gu
imply

0<my(2) <1

except possibly at an endpoint. Full support therefore gives
Ng(m) = m — k;*(m) = E[r,(1 —74)] > 0.

Together with the strict positivity of P,(m), all three terms in (22) are positive.

0

m = m. The mean-constrained

If g is constant, then h is constant and the minimum schedule is 7

optimum assigns actions 0 and 1 by an upper-tail cutoff of mass m, so k;nc(m) = m. Hence
(Cq(m)7 Pq(m)7 Nq(m>) = (07m(1 - m)a 0)
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If g1 = gy, every feasible effective allocation is constant. The second-moment minimizer and the

mean-constrained output maximizer then coincide, so Py(m) = 0 and Ly(m) = k;*°(m). O

E Proof of Strict Implementation

Proof of Proposition 4. Strict truthfulness and effective allocations. Adding the strict reporting
inequalities for any two different types gives (2' — 2)(g(z") — g(2)) > 0, so strict truthfulness requires

g to be strictly increasing. Conversely, the envelope payment gives, when z > Z,
z
29() ~ p()] ~ [29(@) ~ p3)) = [ lgla) - 92} ds >0,
z

For z < Z, the corresponding expression is fj[g(?) — g(z)]dz > 0. The envelope integral is with
respect to Lebesgue measure, so the argument applies to all type distributions allowed by the
assumptions. Positivity of g and Vg > 0 give individual rationality. Choosing Vy > 0 makes

participation strictly preferable to the outside option.

Part (i): a strictly truthful assignment with exact moments. Write h = 1/q, H = E[h], and
v(dz) = h(z)u(dz)/H. First observe that

Ly (m) = E[E 1 (rp,(2))]. (E.1)

Indeed, the conditional lower-envelope lottery at r), is weakly implementable and attains the right
side. Conversely, K1 is continuous and convex, and K (t) = t2 for t € T. Applying Theorem 1(ii)
to this convex function gives the right side as a lower bound on the second moment of every weak
implementation. The conditional envelope characterization in Lemma 1 then proves (E.1).

Let /, =Z — z > 0 and define

Then |v| < 1, E[hv] =0, and v(z') —v(z) = (' — z)/L,. For § > 0, set

95(2) = gm + 0v(2), r(z) = h(z)gﬁéz)—a.

If § < min{g,, — 91,90 — Gm}, then gs lies strictly between the global effective-allocation bounds,
rs(z) € (a,b) for every z, and E[rs] = m. The schedule gs is continuous and has slope §/¢,.
Let o5 (dt | z) be the measurable conditional lower-envelope lottery with mean rs(z), whose

existence follows from Lemma 1. Its aggregate second moment is
ks = E[K1(rs(Z))] — Lg7(m) asd |0,

since r5 converges uniformly to 79, and K+ is continuous on a compact interval. Choose ¢ small
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enough that ks < k. At the same conditional mean, the endpoint lottery is

b—rs(2)

rs(z) —a
ers(z) T T

g
+ b—a

5.

Its aggregate second moment is K7(m) = (a + b)m — ab. With
T==———¢€(0,1], 0=(1—-"7)os; +Tep,

the first two moments are exactly (m, k), and the effective allocation is still gs. Envelope transfers

make this mechanism strictly truthful, with ¢ = §/¢,. The case k = K7(m) simply gives 7 = 1.

Part (i1): approximation within the same constraints. Choose a pointwise weakly implementable
version of o, modifying it on a p-null set if necessary as in Theorem OA.1(i). The conditional

mixture (28) preserves both moments by linearity. Its effective allocation is
go = (1 —0)gs + 0gs, go(2') —gg(2) > 0c(z — 2) (¢ > 2).

Hence the envelope payments satisfy the quantitative strict-reporting bound

200() — o)) ~ lzan ) — poB)] > (= = 2P

The lottery is drawn conditional on the report, so incentive comparisons are made before its
realization.
Define total variation distance by dpv (P, Q) = supy4 |P(A) — Q(A)|. Then

supdry (oo | 2),(: | ) <0.

The effective allocations are bounded, so gy — g, uniformly. Since the envelope operator is linear at

a common Vy, pg = (1 — 0)p, + 0ps, and payments also converge uniformly. Output satisfies
Y(og) =(1—-0)Y (o) +0Y (o).

Apply the construction to a weak optimum to obtain (29). Set inclusion gives the reverse inequality.

This equates the strict supremum with the weak maximum.

Part (iii): necessity for interval actions. For any pointwise weak implementation, monotonicity and
the action bounds imply g7, < ¢(z) < gy, while E, [g] = gm. If ¢ is strictly increasing, full support of
v makes this expectation strictly between the two global bounds. For interval actions, K,(r) = r2,
so (E.1) gives (30). The feasible mean-schedule set is convex, and its squared L?(u) norm is strictly
convex; thus rQ, is its unique norm minimizer. If E[T?] = Lg (a4 (m), conditional Jensen forces
T =70 (Z) almost surely and g = g,, almost everywhere. A strictly increasing function cannot be

constant almost everywhere under a full-support measure. Therefore strict implementation requires
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k > Ly (q5(m). The upper bound on k is necessary for any action in [a,b]. Sufficiency was proved
in part (i). O

F Proofs for the Additional Moment Restriction

F.1 Attainable moment values

Proof of Proposition 5. Write v(dz, dt) = u(dz)o(dt | z) for the Young measure induced by an
assignment rule. The set of Young measures with first marginal p is compact and convex in the
stable topology. The two moment equalities are closed in the stable topology. The IC restriction
is also closed because, by (OA.8) in Online Appendix D, it is the intersection over ¢ € H,, of the
closed half-spaces (£, g,) < 0. Hence X5 is compact and convex.

The maps Y and M, are continuous and affine on this set: their integrands belong to L' (u; C(T)).
The image I, = M,(32) is therefore a nonempty compact interval. The optimizer set 33 is a
nonempty compact convex face of X9, so its image /7 is also a compact interval.

Convex combinations of assignment rules with different moment values show that Y., is concave.
To prove upper semicontinuity, let ,, — x, and pass to a subsequence along which Y, (x,) converges
to its upper limit. Choose o, € ¥, (x,,) attaining Y, (x,). Compactness gives a stably convergent

subsequence. Its limit belongs to ¥, (x), and continuity of Y yields
limsup Yy (xy,) < Yo ().
n

Finally, imposing M, = x leaves the two-moment value unchanged if and only if some two-moment
optimizer has moment value x. This proves (31).

Now suppose every two-moment optimizer has conditional-mean schedule r*. An assignment rule
with this conditional mean and aggregate second moment k satisfies the two moment constraints,
has the same effective allocation as an optimizer, and therefore belongs to ¥35. Conversely, every
element of ¥3 has conditional mean r* by hypothesis.

This set of assignments is compact and convex. The conditional-mean restriction is the intersec-

tion, over f € L*(u), of equalities that are closed in the stable topology:

/ ()t — 1 ()] (e, df) = 0.
ZxT

The aggregate second-moment equality is also closed in this topology. The image under M, is
therefore the compact interval in (32). If the optimal assignment rule is unique, the image is a

singleton. If that assignment is deterministic, its value is E[p(r*)]. O

Proof of Corollary 3. We prove the result for a finite vector of continuous action statistics. The scalar
result follows as a special case. Let M be the associated affine moment map and C' = M (X2(m, k)).
This is a nonempty compact convex subset of a finite-dimensional space. By Proposition 4(i),

choose a strictly implementable o € ¥3(m, k) and write 7 = M (0). Fix x € riC. If x = Z, the

44



desired strictly truthful assignment already exists. Otherwise, relative interior implies that, for all

sufficiently small € > 0,
T — €T

1—¢

Y= eC.

Choose a weakly implementable o, with M (o,) = y. The conditional mixture 7 = (1 — €)o, + €0
is strictly implementable and satisfies M (7) = z, with the first two moments unchanged. This
argument also covers a singleton image, whose relative interior is itself. Finally, mix 7 with a weak
output optimizer at the exact target x, using a mixing weight that tends to zero. Linearity preserves
every target moment, strict monotonicity gives strict truthfulness, and output tends to the weak

optimum, exactly as in Proposition 4(ii). O

Verification of Example 4. The schedule with constant effective allocation is 70 (z) = 1/5 + 32/5.
At the same first two moments, let z = E[T3]. Inverting the four-action Vandermonde system gives

the only possible probabilities:

53 100z 2500 211
Po = 19 721 ) P3j10 = 91 34’ (F 1)
93 250z 100z 15 :
Prio =5 = 91 PUT o Ty

The convex-order slacks at the only two interior action levels are

1 311 — 1200z ) 1200z — 277
> 10—t)y — — ="~ > 10—t)y — — = — .

All four probabilities are positive throughout the closed interval (33). Theorem 1(iii) therefore
gives exactly that weakly attainable interval. At its upper endpoint, (F.1) yields (34); the lower-
endpoint probabilities are (41/252,17/72,289/504,1/36). The four-action moment map is an affine
isomorphism from the probability simplex to a full-dimensional three-moment polytope. Positive
probabilities therefore place the target in the interior of the unrestricted moment set.

For a direct weak implementation of the upper endpoint, use the conditional adjacent-action
lottery at r,, whose marginal is (1/36,17/36,17/36,1/36). An alternative lottery uses {0,3/10}
below the conditional mean 3/10 and {3/10,1} above it, retaining the mean at every type. Its
probabilities on the four actions are (1/36,85/126,0,25/84). Mixing these two conditional rules
with equal weights gives 71, with a constant effective allocation. The lower-envelope second moment
is 181/600, as in Example 2. Thus 33/100 > 181/600, and the strict two-moment conclusion applies.

It remains to exclude strict truthfulness at the endpoints. Let s be either 3/10 or 7/10, and
let z5 € (0,1) satisfy 70, (z5) = s. Write h = 1/q, §m = 6/5, and d = r — 10, = h(g — gm). For a
weak implementation, E[h(g — gm)] = 0 and g is nondecreasing. Its h-weighted average on [0, z] is
no larger than its overall average g,,. It is strictly smaller unless ¢ is constant almost everywhere:

equality of the lower and upper weighted averages, together with monotonicity, forces equality of g
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across almost every ordered pair of types. Consequently

/ ) d(z)dz <0,
0

with strict inequality whenever the effective allocation is not constant almost everywhere. Conditional

Jensen and (s — )4 > (s —7r)1{z < z5} imply
El(s = T)+] = E[(s — r)+]

> /0 (s —7(2))dz =E[(s — %) 4] — /0 d(z)dz.

Thus a binding convex-order inequality at either value of s forces g to be constant almost everywhere.
Full support then rules out pointwise strict incentive compatibility. At interior x, Corollary 3
supplies strict implementation. This proves that the strict attainable interval is exactly the open
interval in the example.
To connect the obstruction to stationarity, write m, = f tgﬂ( dt) and, for N = 3, define
XN

Qi(d) = |1+ N ;(# — my)sin(2n02') | d2. (F.2)

The density integrates to one, is at least 1/2, and is jointly continuous. Its coefficient measures
have zero mass and are linearly independent by orthogonality of the sine functions. With ¢ = 0,
the uniform target is stationary exactly when all prescribed moments are matched. The upper
endpoint is therefore a stationary target that is weakly but not strictly implementable. The same
construction applies to the lower endpoint using its moments.

Finally, take 7 = [0, 1] and prescribe the first six moments of 7

(my,...,mg) =

1 33 311 6721 8151 143171
271007 1200’ 30000 40000 750000 / -

The polynomial
P(t) = t(1 — t)(t — 3/10)*(t — 7/10)?

is nonnegative on [0, 1], has degree six, and vanishes exactly on the four actions used above.
Matching the first six moments gives E[P(T")] = [ P(t)x'(dt) = 0, so the action must lie on those
four points almost surely. The first three moments then identify 7' uniquely, and the preceding
obstruction applies. The weak implementation remains feasible, and the first two moments alone
admit strict implementation because L [91)(1/2) = 7/25 < 33/100. Using N = 6 in (F.2) gives a
valid polynomial stationary technology for this interval example as well. Here E[P(T")] = 0 places the
six-moment vector on the boundary of the unrestricted moment set. The finite-action three-moment

target, by contrast, is interior to its unrestricted moment polytope. O
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F.2 Shadow price and exact loss

Proof of Theorem 5(i). Partitioning ¥y by the value of M, gives
U, (0) = max{Y,(y) — Oy}
yEl,

Because Y, is proper, concave, and upper semicontinuous on the compact interval I, the concave
biconjugacy theorem gives (35).

A scalar 6 minimizes the right side of (35) at x if and only if
Yo(y) <Y,(x)+6(y — o) for every y € I;

that is, if and only if 6 is a supergradient of Y, at x. The superdifferential is nonempty at every
relative-interior point, which proves attainment there.

Suppose z < inf I, and take y € I;. Then y > z and Y,(y) = Y2 > Y,(z). The supergradient
inequality therefore implies § > 0. The argument to the right of I is symmetric and gives § < 0. If
x € 17, then Y, (y) < Y, () for all y, so 0 = 0 is a supergradient. At an endpoint of the maximizing

interval, the one-sided superdifferential may contain additional nonzero multipliers. O

Proof of Theorem 5(ii). Let 0 € ¥,(x), and write
r:=E[T | Z], d:=r—r", V, :=E[Var(T' | Z)].

The first-moment constraint gives (1,d) = 0. Since the benchmark is deterministic and both

assignments have second moment k,
* 2
—2.(r*,d) = ]} + Ve (£.3)

The KKT identity (36) gives

Yy —Y(o)

5 = —(w,d) = =2\ (r*,d) — (n,d) .

Substituting (F.3) gives (37).

Because r € D, and n € Np,(r*), the normal-cone inequality gives (n,d) < 0. Thus all three
terms on the right side of the loss identity are nonnegative. If n = 8¢¢, then Sqd = g, — g+, which
yields the stated IC form. Since A > 0, equality requires d = 0 and V, = 0. Hence T' = r*(Z) almost

surely, and the only moment value attained without loss is :L“Ig = E[p(r*)]. O
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