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Abstract

A central objective of school choice mechanisms is to match higher-ability students with
higher-quality schools, thereby enhancing social efficiency. In practice, however, informa-
tion regarding student ability is typically limited to imperfect signals such as standardized
exam scores. Using the welfare-maximizing allocation under imperfectly observed ability as
a benchmark, this paper investigates the welfare implications of the widely adopted Immedi-
ate Acceptance (IA) mechanism in settings where student ability is imperfectly observed. We
demonstrate that the IA mechanism implements a monotonic cutoff rule, which is a necessary
condition for attaining an optimal allocation. In equilibrium, if the lowest-ability students are
indifferent between the aggressive and conservative strategies, the IA mechanism generates
higher welfare than the Deferred Acceptance (DA) mechanism. Moreover, when this indif-
ference condition holds and the admission process ends in a single round, the IA mechanism
achieves the social optimum. Finally, we show that the welfare-maximizing equilibrium of the
IA mechanism is generically strictly stable, a refined equilibrium concept that is robust to small
strategic deviations.

Keywords: school choice; immediate acceptance; imperfect information; cutoff rules; equilibrium
stability
JEL Codes: C72, D82, 121

1 Introduction

Numerous school choice and college admission systems have transitioned from the immediate ac-
ceptance mechanism (IA) to the deferred acceptance mechanism (DA) (Abdulkadiroglu and Anders-
son, 2022). Notable examples include the Boston public high school choice system (Abdulkadiroglu
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et al., 2005), the UK school choice system (Pathak and Sonmez, 2013), and the Chinese college ad-
missions system (Chen and Kesten, 2017). The theoretical justification for this transition is based
primarily on two arguments. First, DA is strategy-proof, i.e., truthfully reporting preferences is a
dominant strategy for all students (Dubins and Freedman, 1981; Roth, 1982; Abdulkadiroglu and
Sonmez, 2003). In contrast, IA is not strategy-proof, which can disadvantage students who are less
strategic in the “preference submission” game (Pathak and S6nmez, 2008). Second, DA is consid-
ered more efficient in terms of student welfare, as it generates the student-optimal stable matching,
which weakly Pareto dominates every Nash equilibrium of IA (Ergin and S6nmez, 2006).

However, these arguments are based on the assumption that student private information is lim-
ited to their ordinal preferences over schools. In many real-world school choice systems, students
possess additional private information (e.g., on cardinal preference or academic ability), which is
relevant for social welfare but is often unobservable or imperfectly observed through noisy signals
(e.g., exam scores). Such imperfect information creates new considerations for mechanism design
that have not been fully explored in the literature.

The IA mechanism, with a complementary design that asks students to submit their preferences
before their exam scores are known, introduces an important self-selection device.! High-ability
students, confident in their likelihood of meeting the admission cutoff for the higher-quality schools,
are more likely to rank them as their top choice, while lower-ability students may choose a more
conservative strategy, ranking less competitive schools higher to reduce the risk of rejection. This
self-selection process leads to a sorting of students by their ability. In the truth-telling equilibrium
of DA, however, all students will rank schools by quality in their submitted preferences regardless
of their ability. Students with lower ability can get admission to a high-quality school if they are
lucky enough to achieve a high score. The IA mechanism thus places greater weight on students’
abilities rather than luck, making it arguably fairer than the DA mechanism. Moreover, this self-
selection in IA can lead to a matching that is more assortative between student ability and school
quality, which may lead to a higher social efficiency than DA if there is a synergy from matching
high-ability students with high-quality schools.

We investigate the welfare implications of the IA mechanism in environments where student
ability is private information and only imperfectly observed through a noisy signal, i.e., an exam
score. There are two schools (in addition to non-admission) whose numbers of seats are fixed and
treated as objects to be assigned. All students agree on the ranking of schools determined by their
quality, though they may differ in cardinal utility for each school. In this environment, an assign-
ment rule allocates seats based on two inputs: students’ reported preference lists and their realized
exam scores. Because students submit their preference lists before exam scores are realized, school
seats are assigned with a probability from the ex ante viewpoint. We define the (utilitarian) social
welfare as the sum of expected utilities across all students.? Similar setups have been adopted in the

Post-exam IA, where preferences are submitted after scores are revealed, differs fundamentally from pre-exam IA.
In post-exam IA, students condition submitted preferences solely on realized scores, instead of intrinsic abilities. The
equilibrium allocation, therefore, is also purely determined by realized score, which turns out to be the same as DA
with truthful reporting (Ergin and Sénmez, 2006; Lien et al., 2017).

2We recognize that social welfare improvements may come at the expense of certain student groups, raising impor-
tant equity considerations. In this regard, we examine whether social welfare gains are Pareto-improving and, if not,
which student types gain or lose across alternative mechanisms.
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mechanism design literature on the assignment problem (without monetary transfers), especially in
settings where agents share a common ordinal preference (Hafalir and Miralles, 2015; Pereyra and
Silva, 2023).

Given their common ordering over schools, students face only two undominated strategies in
preference submission under the IA mechanism: the aggressive strategy that ranks the high-quality
school as the first choice and the low-quality school as the second choice, and the conservative
strategy that ranks the low-quality school as the first choice and the high-quality school as the
second choice. 3 The equilibrium of IA corresponds to a monotonic cutoff rule, in which a higher-
ability student chooses a cutoff pair (or track) with a lower threshold score for admission to the
high-quality school but a higher threshold for the low-quality school, compared to the cutoff pair
chosen by a lower-ability student.

To facilitate welfare comparison, we construct a welfare-improving cutoff rule adjustment pro-
cess within the class of monotonic cutoff rules that satisfy incentive comparability and capacity
constraints. If an [A equilibrium achieves the social optimum, it generically corresponds to a cutoff
rule that serves as the ending point of such an adjustment process. If an IA equilibrium has a higher
social welfare than the truth-telling DA equilibrium, it must correspond to a cutoff rule that is at-
tained via such an adjustment process starting from the cutoff rule associated with the truth-telling
DA equilibrium.

We establish the following key findings. First, we prove that the IA mechanism is socially optimal
if (i) the lowest-ability students are indifferent between aggressive and conservative strategies in
equilibrium, and (ii) all school seats are filled in the first round of admissions. These sufficient
conditions are almost necessary for optimal implementation: Out of the domain of these sufficient
conditions, optimal implementation may only occur in a non-generic case.

Second, we derive sufficient conditions under which the IA mechanism generates strictly higher
social welfare than the DA mechanism. Specifically, when the lowest-ability students are indifferent
between the aggressive and the conservative strategy in the IA equilibrium, IA achieves higher
social welfare than DA.

Third, we show that welfare gains from IA come with distributional consequences: the welfare
improvement over DA is not Pareto-improving. In particular, the lowest-ability students may be
worse off under IA than under DA’s truth-telling equilibrium, even though aggregate welfare in-
creases. This finding highlights a fundamental efficiency-equity trade-off in the design of school
choice mechanisms when student ability is imperfectly observed.

Finally, we introduce a refinement concept, stable equilibrium, to narrow down the set of equi-
libria to those robust to small perturbations. An equilibrium is stable if small strategic deviations
by students who are indifferent between aggressive and conservative strategies create incentives
that restore rather than amplify the deviation. We show that any equilibrium in which admissions
end in one round with positive cutoff scores at both schools is strictly stable. Importantly, the IA
equilibrium that achieves the social optimum falls into this category (except for the non-generic

3While real-world school choice systems involve many alternatives, the two-school setting captures the essential
strategic tension: students must decide whether to “aim high” and risk rejection or ’play safe” and secure a less pre-
ferred option. We view the two-school analysis as an important first step toward understanding self-selection in IA
mechanisms, with the extension to multiple schools remaining an important direction for future research.
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case).

Our research draws inspiration from the Chinese college admission system, which utilizes the
IA mechanism with student preference submission before exam (i.e., pre-exam [A) prior to reforms
in the 2000s. That design was supported by two primary arguments. The first is to respect students’
diverse preference intensities over schools, an argument aligned with Abdulkadiroglu et al. (2011).
The second argument, which aligns with our focus, is to avoid over-reliance on a single exam score,
since it is only an imperfect signal of true ability. Our theoretical analysis formalizes the intuition
that the pre-exam IA mechanism can reveal valuable information about student ability through self-
selection when exam scores can only serve as imperfect signals of their ability.

Although the Chinese college admission system has gradually switched to post-exam DA since
the 2000s, the IA mechanism is still popular around the world, and the arguments for IA are worth
reconsideration.* Empirical and experimental evidence also provides support for the potential ad-
vantages of the IA mechanism when preference submission precedes score revelation. In the context
of Chinese college admissions, Wu and Zhong (2014) find that students matched to a top Chinese
university under the pre-exam IA mechanism demonstrate comparable or superior academic per-
formance compared to those matched under DA, suggesting that IA better facilitates positive as-
sortative matching. Lien et al. (2016) demonstrate in a lab experiment that requiring preference
submission before score revelation enhances the efficiency of the IA mechanism relative to DA.
Similarly, Jiang and Li (2023) show through a lab experiment that the pre-exam IA mechanism
more effectively prevents market unraveling compared to DA. Together, these studies provide sup-
porting evidence that the theoretical advantages for the IA mechanism can materialize in practice.’

The paper proceeds as follows. Section 2 reviews related literature. Section 3 formally intro-
duces the model and briefly reviews the optimal allocation rule studied by Pereyra and Silva (2023).
Section 4 studies the IA mechanism, characterizes its equilibria, analyzes its welfare properties,
and compares it with the optimal allocation and the DA mechanism. Section 5 introduces the re-
finement concept of stable equilibrium, which narrows down the set of equilibria to those robust to
small deviations and therefore improves the predictive power of the model. Section 6 concludes,
with a discussion of open questions for future research.

2 Related Literature

Our paper is related to at least two branches of literature. On one hand, our motivation originates
from a debate concerning the merits of the IA (or Boston) vs DA mechanism in school choice lit-
erature (Abdulkadiroglu and Sénmez, 2003; Ergin and Sonmez, 2006), as we described previously.
On the other hand, our methodology is related to the literature on the assignment problem, i.e.,
allocating probability shares of objects without money transfers to agents with private information
(Hylland and Zeckhauser, 1979; Abdulkadiroglu and Sonmez, 1998; Bogomolnaia and Moulin,
2001). In the following we highlight several papers closely-related to ours from both branches.

4Neilson (2024) reviews assignment mechanisms regulating access to education in 149 countries and finds that the
IA mechanism prevails in primary and secondary education, while DA and other strategy-proof mechanisms (e.g., SD,
TTC) dominate in higher education.

5As additional evidence, China’s graduate admissions still use pre-exam IA mechanism.
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Our analysis builds on Pereyra and Silva (2023), who characterized the optimal allocation rule
in environments with imperfectly observed student abilities using a mechanism design approach.
Their work provides two important benchmarks for our analysis. First, they show that the DA mech-
anism cannot achieve optimal allocation, establishing the potential value of alternative mechanisms.
Second, they identify necessary properties that any optimal mechanism must satisfy, particularly the
implementation of monotonic cutoff rules. We extend their framework by analyzing the pre-exam
IA mechanism, demonstrating that it naturally implements monotonic cutoff rules in equilibrium - a
feature absent in the DA mechanism. This allows us to identify specific conditions under which the
IA mechanism not only outperforms the DA mechanism but can also achieve the optimal allocation.

In reality, the optimal mechanism may be hard to implement, and we may be interested in whether
and when an existing mechanism may achieve social optimum or at least outperform others. In this
regard, a branch of the literature considers the potential of IA as a socially desirable mechanism.
One work closely related to ours is Lien et al. (2017), who also study school choice with imperfectly
observed student abilities. They introduce the concept of ex-ante fairness - i.e., the principle that
higher-ability students should have a higher probability of admission to higher-quality schools - as
their welfare criteria, and characterize when the IA mechanism achieves complete ex-ante fairness.
Although the complete ex-ante fairness is equivalent to the maximum of utilitarian social welfare
in our paper, their work does not compare social welfare between matching outcomes when the
complete ex-ante fairness is not achieved. In contrast, the utilitarian social welfare function adopted
in our model enables us to evaluate any matching outcome implemented by the IA mechanism, DA
mechanism, or the optimal allocation rule.

There are a few works considering the welfare superiority of IA under specific settings when
student cardinal preference is their private information. Among them, Abdulkadiroglu et al. (2011)
analyze school choice when students have identical ordinal preferences while their cardinal pref-
erences are heterogeneous and constitute private information. The school priorities over students
come purely from tie-breaking lotteries. They demonstrate that every Nash equilibrium of the [A
mechanism Pareto dominates the DA mechanism’s truth-telling equilibrium in terms of interim ex-
pected utility. Featherstone and Niederle (2016) consider an environment in which students know
their own preferences but only the distribution of others. School priorities over students are ran-
domly drawn from a publicly-known distribution. They prove that truth-telling can be an equilib-
rium under the TA mechanism, and the equilibrium outcome is more efficient than the truth-telling
equilibrium under the DA mechanism. Hafalir and Miralles (2015) explore the potential of the IA
mechanism to achieve the social optimum when agents have common ordinal preference over three
hierarchical positions, and their cardinal preference on the medium position is private information.
They prove that when the market is tough (i.e., when all agents bear positive risk of obtaining a low
position), the IA mechanism (without priorities) achieves the social optimum. ©

Our analysis departs from those papers above in a fundamental way that we focus on private
information about student ability rather than heterogeneous preference intensities. Although our

6This result bears some interesting similarities with our characterization of the IA equilibrium achieving the social
optimum: A tough market corresponds to positive cutoff scores in the first round of IA admission in our model, where
all students will be faced with positive probability of being unmatched. In this case, we show that the IA mechanism
implements the social optimum, if the lowest-ability students are indifferent between the aggressive and the conservative
strategy.
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model also allows for heterogeneous preference intensities, the results do not rely on this assumption.
Moreover, we assume that school priorities are based on exam scores, an imperfectly observed signal
of student abilities, rather than random tie-breakings, which is more realistic for exam-based college
admissions in many countries.

Finally, some papers suggest that the welfare superiority of IA over DA found in the literature
may be sensitive to specific assumptions. For example, Troyan (2012) demonstrates that the Pareto
dominance result in Abdulkadiroglu et al. (2011) breaks down once school priorities are introduced.
We also find that the Pareto dominance of 1A over DA fails in our setting. More recently, Akyol
et al. (2025) suggests that even the utilitarian comparison between the two mechanisms becomes
ambiguous when students have heterogeneous ordinal preferences. In our model with homogeneous
ordinal preferences, a general utilitarian comparison between IA and DA is also ambiguous, but we
are able to identify equilibrium conditions under which IA dominates DA or even achieves the
optimal utilitarian welfare.

3 Model Settings and Optimal Allocation Rule

3.1 Model Settings

Our model follows Pereyra and Silva (2023). There is a continuum of students of mass 1, consisting
of J ability types indexed by j € 1,...,J. A higher index j corresponds to a higher ability level.
The mass of students of type j is denoted by g; € (0,1). There are two schools: a high-quality
school, denoted by 4, and a low-quality school, denoted by /. The schools have capacities a, > 0
and a; > 0, respectively, with the total mass of seats being less than the total number of students,
ie, ap+a; < 1.

Each student’s ability type j is only partially revealed by a score s € [0, 1], whose distribution
depends on j. Let p;(s) be the probability density of a student of type j achieving a score s € [0, 1].
We assume that p; is a continuous function with its value p ; () being positive for all s € (0, 1), and
its corresponding cumulative distribution function is denoted by P;. To capture the idea that higher-
ability students are more likely to achieve higher scores, it is assumed that the probability density

functions satisfy the Monotone Likelihood Ratio Property (MLRP), which states that Z ’:1((2/))
pi(s’)

5.05) forall 0 < s < s’ < 1. The MLRP assumption is a standard assumption in models with
imperfect screening (e.g. Milgrom, 1981). Under the IA mechanism, this property gives higher
ability students more incentive to compete for the high-quality school, yielding the screening effects
that are absent under DA.

The utility of type j students over the matching outcomes is denoted as uj, u;;, and u g, cor-
responding to being matched with the high-quality school, the low-quality school, and not being
matched with any school, respectively. Following Pereyra and Silva (2023), we impose the follow-
ing assumptions on student utilities:

Lowujp>uj >ujp=0,Yj (Al),

2. u;jp/uj; is weakly increasing in j (A2);
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3. uj; is strictly increasing in j (A3).

A1 highlights that all students have the same ordinal preferences over schools, ranking the high-
quality school above the low-quality school and both above being unmatched. While real-world
student preferences may vary due to factors such as school location or specific programs, we adopt
this simplified assumption to focus on the competition among students for limited high-quality
education resources, a key issue in many school choice problems.

A2 implies that the relative value of the high-quality school is greater for higher-ability students,
who are willing to accept a greater decrease in the probability of getting the low-quality school in
exchange for a given increase in the probability of getting the high-quality school.

A2 and A3 together imply that all school seats have higher social value when allocated to a
higher-ability student, and that the utility function is supermodular in student ability and school
quality. Therefore, the social welfare, defined as the sum of student utilities, is maximized when
school seats are allocated to students assortatively based on student ability and school quality, if
student ability can be perfectly observed. Let’s call this first-best allocation the positive assortative
matching (PAM).

The matching framework where PAM is the first-best allocation was proposed by Becker (1973,
1974) in the context of the marriage market and has since been widely adopted in the economics of
education literature, either theoretically or empirically (e.g. Epple and Romano, 1998; Epple et al.,
2003; Sallee et al., 2008; Dillon and Smith, 2020). It has also been applied to models of matching
under imperfect information in the labor market, as seen in Shimer and Smith (2000), Eeckhout
and Kircher (2010), and Liu et al. (2014). While this framework is certainly a simplification of
the real-world complexities, it provides a natural benchmark for understanding efficient allocation
of scarce education resources - where both students and schools are differentiated among a single
dimension - by setting aside equity or efficiency concerns that may emerge from heterogeneities in
other characteristics, such as students’ family income or schools’ geographic location.

3.2 Optimal Allocation Rule

Before we turn to the IA mechanism, in this subsection we briefly review some results by Pereyra
and Silva (2023) on the second-best allocation, i.e. the optimal allocation rule under imperfectly
observed student ability. The optimal allocation rule they characterize serves as a useful benchmark
against which the IA mechanism can be compared, and their findings also provide important insights
for our analysis of the A mechanism.

Pereyra and Silva (2023) find that the optimal allocation rule is to screen students into different
tracks with different acceptance cutoffs before students know their score. Under the optimal allo-
cation rule, higher-ability students have an incentive to self-select into a riskier track with both a
higher chance to be unmatched and a higher chance to get the high quality school.

An allocation rule is amapping x = (x5, x;) : Jx[0, 1] — [0, 1]? such that xp,;(8)+x7;(s) <1
forall j € Jand s € [0, 1], where x, ;(s) and x; ;(s) represent the probability that an agent with
type j and signal s is assigned to school 4 and [, respectively. Let x;(s) = (xj,;(s),x;,;(s)) be the
allocation rule intended for type j students under the allocation rule x.
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The optimal allocation rule is the solution to the following problem (denoted as OP):

OP : m;le(x) = Z(]jUj(xj)

jeJ
1
s.t. qu/ pj(8)xp;(s)ds < ap (DCp)
jeJ 0
1
Yoar [ piomsds < (DC)
jeJ 0
Forall j and j', U;(x;) > U;j(xj) (ICj ;)

where U;(xr) := fol (ujnxn,jo (s)+ujixs o (s))p;(s)ds is the expected utility of type j student when
receiving the allocation rule x ;- intended for type j” students. The first and the second inequality
constraints (D Cj, ;) indicate the resource constraints of the problem: the amount of seats assigned to
students should not exceed the capacity of each school. We say DC},; is binding if the corresponding
inequality holds with equality. The third inequality (/C; ;) is the incentive compatibility constraint
of the problem, i.e. all students have an incentive to choose the allocation rule intended for their
own type before they know their score.

To search for optimal allocation rules, Pereyra and Silva (2023) first show that it is without loss
to focus on cutoff rules”. An allocation rule is said to be a cutoff rule if, for each j € J, there is a
cutoff pair (§J-,§i) such that0 < 5. <; < I and

xp,j(s) =1,if s € [5},1]
x;(s)=1,if s € [gj,Ej)

The cutoff pair (5;, s j) can be viewed as the frack intended for student type j. Under a cutoff
rule, there is no uncertainty in the allocation after the score is realized. A student who chooses the
track (5;,s j) will be qualified for the high (or low) quality school if her realized score reaches its
acceptance cutoff s; (or s j).

Given a cutoff rule, it is convenient to be explicit in the notation about the cutoffs by denoting
it as (5,8 ].)}(21. If all types of students choose the track intended for them under a cutoff rule

(57,8 j)jj.zl, the social welfare will be
W58 = Y a;Ui5)s,),
jeJ

where U (Ej,gj) =ujp(1=P;(s;))+uj(P;i(s;) —Pj(gj)) is type j students’ expected utility when
faced with the track (5;, s j)'

Pereyra and Silva (2023) shows in their Lemma 1 that a higher type student is more willing to

"It is called ordered allocation rule in the terminology of Pereyra and Silva (2023).
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accept a riskier track, i.e. to tolerate a greater chance to be unmatched in exchange for a higher
chance to get the high quality school, than a lower type student. Intuitively, this is because a higher
type student is more likely to get a higher score (by the MLRP assumption), and has a stronger
preference for the high quality school (by Assumption A2). Let’s formally state this result below.
Later we will refer to it as the single-crossing property, which will be useful to our analysis of the
IA mechanism.

Lemma 1. (Pereyra and Silva, 2023) Let0 < s <5 < 1 and 0 < s’ <5 < 1 be two cutoff pairs s.t.
s>5 ands < s'. Forany j < J, if type j students weakly prefer the pair (s, s’) to the pair (5, s),
then type j + 1 students strictly do so. Formally, if

U;(5',5") > Uj(5, ),

then
Uj+l (E,a £/) > Uj+1 (E, §)

In the Lemma above, the track (5', s”) is riskier than (5, s) in the sense that it has a higher cutoff
for the low quality school but a lower cutoff for the high quality school, and therefore choosing it
leads to both a higher chance to be unmatched and a higher chance to get the high quality school.

The main result of Pereyra and Silva (2023) is that the optimal allocation rule is to assign higher
ability students to a riskier track such that all local upward incentive compatibility constraints are
binding:

Theorem 1. (Pereyra and Silva, 2023) There exists an optimal allocation rule that is a cutoff rule.
Moreover, a cutoff rule (s, gj) jes is an optimal allocation rule only if it satisfies (i) s is weakly
decreasing in j,; (ii) 5; is weakly increasing in j; (iii) type j students are indifferent between the
cutoff pair (Ej,gj) and (Ej+1,§j+1), i.e. IC; 41 is binding, for all j < J.

Let’s refer to a cutoff rule satisfying condition (i) and (ii) in Theorem 1 above as a monotonic cut-
off rule. When studying the IA mechanism, we will show that the IA mechanism always implements
a monotonic cutoff rule in the interim sense.

Pereyra and Silva (2023) find that an optimal cutoff rule may have slack capacity constraint for
the low-quality school (DCj). That is, the screening effect maximizing the social welfare may have
to involve wasting some seats in the low quality school. However, we can show that there is no
reason to waste any seat in the high quality school as a corollary of Theorem 1.

Corollary 1. An optimal cutoff rule (5;, s j)je 7 must have binding DC},. That is, there are no empty
seats at the high-quality school.

Proof. See Appendix A.1. O

4 Immediate Acceptance Mechanism

Now we turn to our focus of this paper, the analysis of the immediate acceptance (IA) mechanism.
The TA mechanism (with student preference submissions before exam) operates as follows:
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1. Students submit their preference ranking of the two schools before knowing their score.

2. Exam scores are realized and made available for the admission process. Then the admission
process starts.

3. In the first round, students are accepted by their first choice school according to their score,
from high to low, until all seats of the school are filled.

4. In the second round, students rejected in the first round are considered by their second choice
school. If the school still has unfilled seats, students will be accepted according to their score, from
high to low, until all seats are filled. Students not accepted in this round are finally not admitted by
any school.

Note that the admission process may end in one round if all seats in both schools are filled.
Otherwise, the process will go to the second round if at least one school still has vacancies.

The IA mechanism induces a strategic game among students, where each student decides how to
rank the two schools in their preference list. There are only two relevant strategies: the aggressive
strategy that lists high-quality school (%) as her top choice and low-quality school (/) as her second,
and the conservative strategy that lists [ as her top choice and / as her second.? Therefore, in the
game induced by the IA mechanism with a continuum mass of students categorized into J types, a
strategy profile can be denoted as o = (o, ...,0y), where o; € [0, 1] represents the fraction of
type j students who play the aggressive strategy.

4.1 Equilibrium Analysis

A strategy profile o™ is an equilibrium of the IA mechanism, if no student has an incentive to deviate
from her chosen strategy under o*. Formally, for any type j, (1) (J'J’.k = (0 implies all the type j stu-
dents play conservative strategy, and none of them can achieve higher expected utility by deviating
to the aggressive strategy; (2) 0']’? = 1 implies that all type j students play aggressive strategy, and
none can achieve higher expected utility by deviating to the conservative strategy; (3) 0 < 0';.‘ <1
implies that a proportion O';T of type j students play aggressive strategy while others play conser-
vative strategy, and all the type j students are indifferent to deviating, regardless of the strategy
they adopt. It is important to note that deviation by a single student will not affect any of the cutoff

scores, since each student has zero mass in our continuum model.

A quick observation is that in any equilibrium of IA, the mass of students who play the aggressive
strategy must be greater than «, the capacity of the high quality school. That is, all seats in the
high quality school must be taken in the first round in equilibrium. To see this, suppose that the
mass of students who play the aggressive strategy is no greater than «y,. This implies the existence
of students who play the conservative strategy. However, by deviating to the aggressive strategy,
they would always be accepted by the high quality school regardless of her score and, therefore, find
such a deviation profitable. This invalidates the equilibrium. As a consequence, the IA admission
process in equilibrium will end in one round if and only if all seats in the low quality school are
taken in the first round.

8Although students may rank one school as unacceptable, it is a dominated strategy since both schools are acceptable
and listing a school as a second choice does not affect a student’s chance to be accepted by her first choice.
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Under the optimal allocation rule described in Section 3.2, students self-select into different
tracks (5;,s j) jes according to their type. Similarly, under the IA mechanism, students self-select
into different strategies: either the aggressive or the conservative strategy. The following lemma
states the observation that the two strategies under the IA equilibrium essentially play the role of
tracks as in the optimal allocation rule, which screens the students by their ability type.

Lemma 2. Under any equilibrium o™ of the IA mechanism, a student playing the aggressive strategy
will be faced with a cutoff pair (54, s ) withs, > s, and a student playing the conservative strategy
will be faced with a cutoff pair (., s,) with’s. > s.. Moreover, we have 1 =5.> 75,25, > 5. 20,
and in particular:

(i) 1 =%5c>54=35,> 5,20, if the admission process ends in one round;

(ii) 1 =5c > 5, > 5, > 5. =0, if the admission process ends in two rounds.
Proof. See Appendix A.2. O

The inequalities in Lemma 2 highlight the trade-off between playing the two strategies. Playing
the aggressive strategy, compared to playing the conservative strategy, will lead to higher chance
to be accepted by the high quality school but also higher chance to be unmatched. Furthermore, by
applying Lemma 1, we can see that higher type students are more willing to choose the aggressive
strategy over the conservative strategy compared to lower type students. Formally, we have the
following important characterization of equilibria of IA.

Definition 1. A strategy profile o € [0, 1] is regular if it takes the form
o =(0,0,...,0,04,1,1,...,1),

where 0 < o; < 1. That is, there exists a j € {1,...,J} such that any student will play the
conservative strategy if her type is lower than j and will play the aggressive strategy if her type is
higher than ;.

Theorem 2. Every equilibrium o* of the IA mechanism is a regular strategy profile.

Proof. As we have observed, all seats in the high-quality school will be taken in the first round in
equilibrium, and therefore there must be some students playing the aggressive strategy. Let j be
the lowest type s.t. 0';.‘ > 0. By construction we have 0';‘, =0forall j' < j.

On the other hand, o-;? > 0 implies U;(5q4,5,) = U;(S¢,s,.). By Lemma 1 and 2, for all j* > j,
we have U/ (54,5,) > Uj/(Sc, s,.), and therefore a;f/ =1. O

Theorem 2 implies that in any equilibrium o, there is at most one type of student j € J such that
0';.‘ € (0,1). We call such an equilibrium type-; semi-separating equilibrium. Furthermore, there
are three types of equilibrium. (1) Type-j semi-separating equilibrium; (2) separating equilibrium,
in which every type of students play a pure strategy, and both strategies have been played, i.e.,
c*=1(0,...,0,1,...1); (3) pooling equilibrium, in which all students choose the aggressive strategy,
ie,o" =(1,..1).
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Theorem 2 significantly simplifies our search for equilibria of IA. Instead of searching in the
whole space of strategy profiles, [0, 1]/, we can focus on the one-dimensional interval [0, J], be-
cause a regular strategy profile o € [0, 1]7 can be pinned down by the real number oy, := Z;:l oj €
[0, J].

Two specific regular strategy profiles, o and & as defined below, are critical to our subsequent
analysis: o denotes the regular strategy profile under which the two schools have identical cutoff
scores in the first round of the IA, while ¢ represents the regular strategy profile under which the
mass of students playing the conservative strategy equals the capacity of the low-quality school.

To elaborate, consider increasing the value of o from 0. As more students play aggressive
strategy by applying to the high-quality school in the first round, the first-round cutoff of the high-
quality school rises strictly whenever it is positive, while the first-round cutoff of the low-quality
school falls strictly as it is positive. Because the first round cutoff scores of the two schools cannot
simultaneously equal O or 1, there exists a unique value of oy, € (0, 1) at which both schools have
identical positive cutoff score in the first round. The regular strategy profile o is thus well-defined.

Furthermore, as os continues to rise beyond o, the first round cutoff of the low-quality school
will eventually decrease to zero. This occurs when the mass of students who play the conservative
strategy diminishes to the capacity of the low-quality school, i.e. o = 0. The regular strategy
profile & is thus well-defined. From this, we also know that 0 < oy, < 0% < J.

The following lemma characterizes the domain over which we search for equilibria of the IA
mechanism: It is a one-dimensional interval (o, J], where the critical value 65 € (o, J) parti-
tions the interval into two disjoint segments: the admission process ends in one round for all values
in the left segment, whereas it ends in two rounds for all values in the right segment.

Lemma 3. If o is an equilibrium of the IA mechanism, it must be a regular strategy profile with
oy € (oy,J]|. Furthermore, if oy < oy < Oy, the admission process ends in one round; If
Oz < o5 < J, the admission process ends in two rounds.

Proof. See Appendix A.3. O

Note that if o5, = 0y, although the admission process ends in one round, the cutoft score at the
low quality school is 0. By contrast, when oy, < o5, < 075, the admission process ends in one round
with positive cutoff scores at both schools.

Under the equilibrium, there might be some student type j playing the mixed-strategy in the
sense that (T;f‘ € (0,1). That is, a proportion U}‘ of type j students play the aggressive strategy
and are therefore faced with the cutoff pair (s, s,), while a proportion 1 — 0';7 of type j students
play the conservative strategy and are therefore faced with the cutoff pair (5. = 1, s,.). For type j
students who play the mixed strategy 0 < 0'; < 1 in equilibrium, we can define the corresponding
mixed cutoff pair, (EU;;, s (TJ*_), such that the type j student’s probabilities of being accepted by the

two schools when faced with the cutoff pair (Eo-;f, S,+) are the same as playing the mixed strategy
- J
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1 1
[ pitsras=a; [ pias 1)
.

Equation (1) above is for the probability of being accepted by the high quality school, and Equation
(2) is for the probability of being unmatched.®

*

\* ~.

p](s)ds— (1—0‘ )/ p](s)ds+0' ‘/O_apj(s)ds. (2)

Lemma 4. Under an equilibrium o* of the [A mechanism, if type j students play the mixed strategy

0< 0';‘ < 1, then the corresponding mixed cutoff pair (Eg;, s+) as defined in Equation (1) and (2)
: J

satisfies the following:

(i) It induces the same expected utility for type j students as the two pure strategies, i.e.
Uj(EUj’Eg;) = Uj(gc’ﬁc) = Uj(ga’ﬁa)-
(ii) It is intermediate between the cutoffs of the two pure strategies, i.e.

Se > Sgr > Sy,
J
£c < E()'j* < Ea‘

Proof. See Appendix A 4. O

We say that the mixed strategy 0 < O'J < 1 implements the cutoff pair (s(T S .) for type j

students, in the sense that a type j student playing the mixed strategy 0' w1th0ut knowmg exactly
which pure strategy (conservative or aggressive) he or she would play, has the same probability of
being accepted by each school as one who is faced with the cutoff pair (50;, S

J

Theorem 2 states that every equilibrium of IA is a regular strategy profile. Concurrently, Lemma
2 and 4 (ii) characterize the tracks that students face when selecting specific strategies. Combining
these results, we see that the IA mechanism implements in its equilibrium a monotonic cutoff rule:
higher-ability students are more inclined to adopt the aggressive strategy linked to the track (54, s,),
whereas lower-ability students are more inclined to adopt the conservative strategy associated with
the track (5., s.). Atmost one intermediate student type plays a mixed strategy corresponding to the
track (s(,*, s, ) Moreover, the track selected by higher-ability students is riskier in the sense that
it entails both a higher probability of admission to the high-quality school and a higher probability
of remaining unmatched.

We can contrast the equilibrium of IA with the truth-telling equilibrium of the Deferred Accep-
tance (DA) mechanism. In the truth-telling equilibrium of DA, all students rank the high-quality
school first. In other words, the DA mechanism implements a cutoff rule with only one track in its

9The cutoff pair (S‘a— , 8 ) is uniquely determined by Equation (1) and (2) because it is assumed that p ;(s) > O for
all0<s < 1.
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truth-telling equilibrium. From this perspective, a key advantage of the IA mechanism over DA is
its ability to screen students via distinct tracks. Consequently, IA has the potential to yield matching
outcomes more efficient than DA by better aligning school quality with student ability.

Finally, the following theorem establishes the existence of equilibrium under the IA mechanism.

Theorem 3. There exists an equilibrium of the IA mechanism.

Proof. See Appendix A.S5. O

4.2 Welfare Analysis

After the characterization of equilibrium of the IA mechanism, we now present our key welfare
comparison results. The following lemma establishes conditions under which a reallocation of
school seats by adjusting cutoffs - one that redistributes seats of two schools between low-ability
and high-ability student groups while preserving incentive compatibility and capacity constraints -
yields a strict improvement in social welfare.

Lemma 5. Let (Ej,gj)jej be a cutoff rule that satisfies: (a) (Ej,gj) = (52,5,),Vj > 2, and (b)
ICy 2, DCy, and DC; are binding. Let (E}, 5;) jes be another cutoff rule that also satisfies condition
(a) and (b) above. If 5| > 5| > s, > 8}, then we have:

(i) Students of higher types benefit from a change from (5;, s j)je jto (E;-, g;.) jes» while students
of lower types suffer from such a change. Formally, there exists a real number 1 < j < J s.t.
Uj(E;-,g;.) <Uj(Sj,8;) forall j < jand Uj(E;-,g}) > Uj(Sj,8;) forall j > j.

(ii')A change from (s, £j)j€j to (E;-, g;.)jej strictly improves social welfare, i.e., W((E;-, g})jej) >
W((sj,5;)jer)-

Proof. See Appendix A.6. O

By adjusting the cutoff rule -thus reallocating seats - as specified in Lemma 5, students of the
lowest type (j = 1) are allocated more seats at the low-quality school and fewer seats at the high-
quality school, whereas all higher-type students (j > 2) receive more seats at the high-quality
school and fewer seats at the low-quality school. The reallocation can be regarded as a designer-
forced "trade” between type-1 students and all higher-type students, with a ’term of trade” calibrated
such that the lowest type is kept indifferent between the high-ability and low-ability track following
the trade. These “terms of trade” inherently favor all higher type students: by Assumption A2, this
group of students value high-quality seats more but low-quality seats less relative to the lowest-
type students. While this arrangement reduces the welfare of the lowest-type, their welfare loss
is small compared with the aggregate welfare gain of all higher-type groups. This is because, by
Assumptions A2 and A3, the social welfare function assigns greater weights to students with higher
ability. Consequently, the seat reallocation yields a strict improvement in overall social welfare.

Notably, the welfare-improving property of this kind of reallocation does not extend to the more
general case where seats are reallocated across an arbitrary division of lower-type (j < k) and
higher-type (j > k) student groups, where k > 1. The intuition is as follows: To preserve incentive
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compatibility, the terms of trade must be calibrated such that only type k students are indifferent
between the high-ability and low-ability tracks. But now, all higher-type students (j > k) have to
trade with all lower-type students (j < k). By MLRP, this implies that higher-type students will
secure fewer seats at high-quality schools while ceding more seats at low-quality schools, compared
with trading only with type 1 students. Consequently, their gains from the trade can be reversed.
We illustrate this result in a subsequent example (see Example 2).

However, Lemma 5 admits a natural extension along the following lines: a cutoff rule adjustment
of the form specified in Lemma 5, but implemented between type 1 and all type j = 2,...,j" < J
students satisfying (5;, s j) = (52,5,), yields a strict welfare improvement. This leads to a key
implication of Lemma 5, stated as follows:

Corollary 2. If (5;, gj)jj.:l is an optimal cutoff rule, at least one of the following three conditions
must hold: (i) sy =1, (ii) s, =0, or (iii) 52 = s,.

Proof. See Appendix A.7. O

The conditions in Corollary 2 provide three possible ending points for the welfare-improving
adjustment process described in Lemma 5. Therefore, an optimal cutoff rule has to satisfy at least
one of the three conditions.

4.2.1 IA equilibrium vs. Optimal allocation

With the help of Lemma 5 and Corollary 2, now we proceed to the welfare analysis of the IA mech-
anism. In the previous subsection (Section 4.1), we show that both the optimal (ordered) allocation
and the A equilibrium implement monotonic cutoff rules, a property potentially beneficial for so-
cial welfare. However, monotonic cutoff rule itself does not guarantee that the equilibrium under
IA must achieve the optimal allocation, or even has a higher social welfare than the DA mecha-
nism. The following theorem gives a necessary condition under which the equilibrium of 1A can
implement the optimal allocation.

For a strategy profile o with os € (o, J], define:
AUj(o) :=U;j(5a,5,) = Uj(5c,5,),

where the four cutoffs are endogenously induced by the regular strategy profile o with 2. ; o = 0.
That is, AU (o) is the expected utility difference for type j students between playing the aggressive
strategy and the conservative strategy under the regular strategy profile o .

Theorem 4. The IA mechanism implements an optimal allocation rule in its equilibrium o*, only
(i) Students of the lowest type are indifferent between the aggressive and the conservative strategy,
ie., AU (0™) = 0, and the admission process ends in one round, i.e., oy, < 0, or

(ii) There exists a student type j such that all type j students play the conservative strategy,
ie., 0'; = 0, and they are indifferent between the aggressive and the conservative strategy, i.e.,
AU j (0' *) =0.
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Proof. We prove its contrapositive statement, i.e., the IA mechanism cannot implement the optimal
cutoff rule if its equilibrium is each of the three cases: (i) o5 = J, (i) o5, < J — 1, while there does
not exist a student type j < J such that 0';.‘ =0and AU;(0*) =0, (iii) o5, € (J - 1,J) but oy > &
(i.e., the admission ends in two rounds).

(i) og =J.

Leto* = (1,1,...1), i.e., oy = J. The corresponding cutoff rule is (Ej,gj) = (S4,5,),V¥j, and
1>%,>s,>0,by Lemma 2, 4, and noting that the admission ends in two rounds. Note also that
under such a cutoff rule /Cy > and DCj,; are binding.

Consider a new cutoff rule (E},g})_iel such that s} > 5, > 5, > 57,5, > E} > g} > 5., Vj>2,
and satisfies binding /C > and DC},;. Then by Lemma 5, the new cutoff rule (E}, g}) jes must have a
higher social welfare than the original one (5}, s j) jes» and satisfies all IC; 11, Vj < Jand DCp ;. In
particular, it satisfies IC; .1, Vj € [2, J] because all the cutoffs (5}, s j) j>2 are the same. Therefore,
the IA equilibrium such that o = J is not socially optimal.

(ii) o3 < J — 1, while there does not exist a student type j < J such that 0';.‘ =0and AU, (0") =
0.

We show that such an equilibrium must violate condition (iii) (i.e., IC; 4 is binding Vj < J)
of the optimal allocation in Theorem 1.

Consider the case such that under the equilibrium o*, there is one type of student, say type j,
that plays both strategies, i.e., 0'}‘ € (0,1). Then it is the only type doing so (by Theorem 2) and
is indifferent between playing conservative strategy and aggressive strategy. Let (E(T;, Ky 0_;) be its
corresponding cutoff pair as defined in Lemma 4. Since 0. < J — 1, then j > 1.

We prove that, for type j — 1 students, they strictly prefer their own cutoff pair (5., s,.) by playing
strategy profile O'J* = 0 (by Theorem 2) to the cutoff pair faced by type j student by playing (T*
ie,Uj-1(5c,5,) > Uj- 1(sg*,s ) Then condition (iii) of Theorem 1 is violated. Suppose not, 1e

Uj-1(5¢,5,) <U;j- 1(s0*, S, ) then by Lemma 1 (i.e., the single-crossing property) combined with
Lemma 4, we must have U; (sc, s.) <Uj (s(fj ,S j) contradicting that type j students are indifferent
between (5., s.) and (Eg;, s J;).

Now, from Theorem 2, the only case left is that there is no type of student playing both the
aggressive strategy and the conservative strategy, i.e., 0';.‘ = 0 or 1, Vj. Then there must be some
type j student such that 0'j = (0 while O'] .1 = L. Then by our assumption (i.e., there does not
exist a student type j < J such that 0']. =0and AU;(c*) = 0), type j students strictly prefer their
own strategy, i.e., the cutoff pair (s, s..), to the strategy played by type j + 1 students, i.e., (54, s,).
Condition (iii) of Theorem 1 has been violated.

(i) oy € (J-1,J),and oy > 0y

For any IA equilibrium such that o, € (J-1,J),1ie., oy € (0, 1), the corresponding cutoff rule
is (51,8,) = (Egl*,ggl*), and (Ej,gj) = (84,5,),Yj > 1. Since oy > 07, i.e., the admission ends in
two rounds, we have 1 > s+ > 5, > 5, > e > 0, by Lemma 2, 4 and 3. Note that under such a
cutoff rule, all IC; ;;+1,Vj < J and DC},; are binding.

: < < < r < < ’ :
Consider a new cutoff rule (sj,gj)jej, such that s} > Sov > S > 81, 5a > §; 2 8, > s, Vj =2,
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and satisfies binding /C; » and DC),;. Then by Lemma 5, the new cutoff rule (E}, g}) jes must have a
higher social welfare than the original one (5, s j) jes- Therefore, the IA equilibrium is not socially
optimal. O

Note that, as a necessary condition for IA equilibrium to implement the optimal allocation, case
(ii) of Theorem 4 is a non-generic case (i.e., a case with zero probability), while case (i) is a generic
case. In fact, we can prove that case (i) is also a sufficient condition for IA to implement the optimal
cutoff rule.

Theorem 5. The IA mechanism implements an optimal allocation rule in its equilibrium o*, if
students of the lowest type are indifferent between the aggressive and the conservative strategy, i.e.,
AU (0*) = 0, and the admission process ends in one round, i.e., o5, < 0.

Proof. See Appendix A.8. O

Theorem 5 can be proved by applying Corollary 2. In particular, the two conditions in the
theorem imply (i) 52 = s,, and (ii) binding /C ». Furthermore, since the IA equilibrium implements
monotonic cutoff rules, we can have 5; = s 7 Vj > 2, and all the ICs are binding.

Example 1. (IA equilibrium is optimal) Suppose there are two schools: high-quality (i = h = 2)
and low-quality (i = [ = 1) school, with the capacities of @), = % and a; = % There are two types of
students, j = 1,2, with the mass of g; = g = % Their utility functions are: u;; = i*j,i,j € {1,2}.
Their score distributions are as follows: p(s) = 2(1 —s), p2(s) = 2s, for s € [0, 1].

We can solve for all the equilibria. There are three:

() o* = (g, 1), withs. = 1,5, =1 - i =0.0101,5, = 5, = 7, WA =231

(2) o* = (5,1), with 5. = 1,5, o Sa=3%,5,=1%, W =23

3)o* = (1,1), with5, = 1,5, = 15, W’A* 20

Equilibrium (1) is a type-1 semi-separating equilibrium with admissions ending in one round.
Equilibrium (2) is a type-1 semi-separating equilibrium with admissions ending in two rounds.
Equilibrium (3) is a pooling equilibrium.

In the equilibrium, type 1 students play a mixed strategy, the corresponding mixed cutoff pair
(8o, 8, .) canbesolvedas s . = 1- ‘/_ = 0.0566, 55+ = 15. This equilibrium and its corresponding
cutoff I'lllle is shown in Flgurcle 1.

We further derive the optimal allocation by solving the O P problem, which yields the following

cutoff rule: s, = 1 - £ = 0.0566,s, = %, and 5, = 5, = %. The total student welfare is:

werm =2 .31. Con51stent with the results established in Theorem 5, Equilibrium (1) achieves the
social optimum.

The sufficient conditions provided in Theorem 5 rely on the equilibrium structure (AU; = 0)
and the market clearing outcome (o, < &). In the following corollary, we translate these endoge-
nous outcomes into exogenous conditions on market primitives — student demographics, school
capacities, and preferences.
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Figure 1: IA Equilibrium Achieving Social Optimum

Corollary 3. The IA mechanism implements an optimal allocation rule in equilibrium if the follow-
ing two conditions hold:

(1) g1 2 1—ayp, and
(2) uip/uy < (1 —ap)/ap.
Proof. See Appendix A.9. O

Condition (1) implies that the high-quality school has sufficient capacity to accommodate all
high-ability students (i.e., Zfzz q; < ay). This ensures that if type 1 students were to completely
avoid the high-quality school, seats would remain unfilled after the first round. This vacancy creates
an incentive for the lowest-ability students to adopt the aggressive strategy, driving the market
toward an equilibrium where they play a mixed strategy — precisely the structure required for the
IA mechanism to achieve the optimal allocation rule in Theorem 5.

Condition (2) admits a natural economic interpretation regarding the risk-return trade-off. The
term uy,/uy; represents the relative reward of the high-quality school. The term (1 — a;)/a), can
be interpreted as the inverse of the relative scarcity of high-quality seats when the low-quality
school is full.!® Condition (2) suggests that for the IA mechanism to achieve optimality, the “temp-
tation” of the high-quality school for low-ability students must not be too strong relative to the
fierceness of competition. If uyj, is excessively high, low-ability students would aggressively target
the high-quality school despite low acceptance probabilities, disrupting the optimal separation and
potentially leading to a pooling equilibrium or a two-round admission process that entails welfare
losses.

10Note that when the low-quality school is exactly filled by conservative students, the total mass of students competing
for the high-quality school is 1 — ;. Thus, @} /(1 — a;) represents the average admission probability of the high-quality
school.
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4.2.2 1A equilibrium vs. DA truth-telling equilibrium

The deferred acceptance (DA) mechanism (with student preference submissions before exam) op-
erates as follows:

1-2. The same as the IA mechanism.

3. In the first round, students are fentatively accepted by their first choice school according to
their score, from high to low, until all seats of the school are filled.

4. In the second round, students rejected in the first round are sent to their second choice school.
Students, either tentatively accepted by it in the first round or applying to it in the second round,
will be accepted by the school according to their score, from high to low, until all seats are filled.
Students not accepted in this round are finally rejected by both schools.

We now compare the social welfare under the equilibrium of TA with that under the truth-telling
equilibrium of DA.!! We first show that, given a non-pooling equilibrium of IA such that students
of the lowest type are indifferent between the aggressive and the conservative strategy, the social
welfare under the equilibrium of IA is strictly higher than under the truth-telling equilibrium of DA,
regardless of the admission process ending in one or two rounds. Furthermore, students of higher
types would strictly prefer the IA equilibrium, while students of lower types would strictly prefer
the DA equilibrium.

Theorem 6 (IA dominates DA in welfare). Given a non-pooling equilibrium o™ of the IA mech-
anism (i.e., oy < 1), if the lowest-type students are indifferent between the aggressive and the
conservative strategy, i.e. AU|(c") = 0, then the social welfare under o* is strictly higher than
that under the DA mechanism. Moreover, there exists a real number 1 < j < J s.t. students of type
j > ] are strictly better off under o* than under DA, and students of type j < j are strictly worse

off under o* than under DA.

Proof. Let (5,5 j)le be the cutoff rule implemented by the truth-telling equilibrium of DA, and

(E}, 5;.)]J.= , be the cutoff rule implemented by the equilibrium o of IA. To prove the theorem, it is
sufficient to show that Lemma 5 applies to the two cutoff rules.

Clearly, both cutoff rules satisfy binding DCj, and D C; under the DA and the IA mechanism by
the assumption that oy, + a; < 1.

Under the truth-telling equilibrium of DA, all students apply to the high quality school in the
first round and to the low quality school in the second round, all types of students are faced with
the same cutoff pair, i.e., (Ej,gj) = (51,s,) forall j > 2.

Under the equilibrium o™ of 1A, because type 1 students are indifferent between the two strate-
gies, we know that the cutoff rule (E;-, g;.)jj.zl satisfies binding /Cy . Moreover, students of type
J = 2 strictly prefer the aggressive strategy by Lemma 1, which implies 0'; = 1 and therefore
(3},59) = (5, 585) = (54, 5,) forall j > 2.

U{Under complete information, there may be other equilibria of DA mechanism, some even leading to unstable
matching outcomes (Haeringer and Klijn, 2009). However, under incomplete information, any pure strategy profile
may induce uncertain payoffs. Therefore the weakly dominant truth-telling strategy is very likely to become the strictly
dominant strategy, and truth-telling becomes the unique equilibrium.
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Because 0 < o' < 1, the cutoff pair (E’l , g’l) is either a mixed cutoff pair (Eal*, K ‘TT) if0 <oy <1,
or the cutoff pair (5.,s ) if of = 0. By Lemma 2 and 4, we have 5] > s, and s] < s}. Then by
comparing the binding DCj, and DC; conditions for the two cutoff rules (5, s j)]f.:1 and (5, g})}f.zl,
we have 57 > 51 > s ; > 8. Therefore, Lemma 5 (both conclusions (i) and (ii)) applies to the two
cutoff rules, and so the welfare results follow. O

Revisit Example 1. Equilibrium (3) is a pooling equilibrium that yields the same outcome as the
truth-telling equilibrium of DA, with W/43 = WPA = 2. 27. The comparison W/41 =2.31 > W/42 =
2.30 > WPA =2.27 verifies the first part of Theorem 6: any non-pooling IA equilibrium satisfying
lowest-type indifference yields strictly higher social welfare than the truth-telling equilibrium of
DA. Furthermore, under either Equilibrium (1) or (2), type-2 students are strictly better off (U;A1 =

3.64 > UéAZ =3.60 > UZDA = 3.48), while type-1 students are strictly worse off (UfAl =098 <
U llAz =1.00 < UID A = 1.06). This pattern is consistent with the second part of Theorem 6 with
je(1,2).

Theorem 6 provides sufficient conditions in which some IA equilibria would have higher social
welfare than the truth-telling DA equilibrium. However, there may also exist an IA equilibrium that
has a lower social welfare than the DA equilibrium. We show this by the following example, in
which we have a type-2 semi-separating equilibrium for IA (with J = 2).

Example 2. (DA outperforms IA) Suppose there are two schools: high-quality (i = & = 2) and
low-quality (i = [ = 1) school, with the capacities of aj = % and a; = % There are two types of
students, j = 1,2, with the mass of ¢; = g2 = % Their utility functions are: u;; =i j,i, j € {1,2}.
Their score distributions are: pi(s) =2(1 —s), p2(s) = 2s, for s € [0, 1].

We have a type-2 semi-separating equilibrium with admission ending in one round: o* = (0, %),
ands, = 1,5, = 3,5, =5, = VI = 0.8246.

We can also calcgulate the truth-telling equilibrium of DA: o* = (1, 1), with the single cutoff

; -7 -9
pairas s = {5, 5 = 15-

It is easy to verify in this example: W/4 = 0.72 < WP4 = 0.75.

As we argued after presenting Lemma 5, a cutoff rule adjustment of the form specified in that
Lemma may not improve social welfare if seats are reallocated across an arbitrary division of lower-
type and higher-type student groups. Example 2 can be used to illustrate this point. To see this,
we split type 2 students into two subgroups, i.e., j = 2a, and j = 2b, with the mass proportion as
-0} = % and o3 = %, respectively. We can regard group 2b as a group with (weakly) higher
ability than group 2a. The utility assumptions A1-A3 and MLRP still weakly hold for type j = 2a
and j = 2b. In our example, the DA equilibrium is a cutoff rule s such that (s, gj) =(0.9,0.7), for
Jj = 1,2a,2b, and the IA equilibrium is a cutoff rule s’ such that (E}, g}) = (1,0.6) for j = 1, 2a,
and (E},g}) = (0.8246,0.8246), for j = 2b. Therefore, we have E’Lza =1>5120=09>s,,, =
0.7 > s1,,=0.6,and 55, = 0.9 > 5y, = 85, = 0.8246 > s5,, = 0.7. Example 2 thus demonstrates
that a cutoff rule change from s to s does not improve the social welfare, albeit being a kind of
cutoff rule adjustment stated in Lemma 5 (with k = 2).
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S Stable Equilibrium

The welfare analysis in Section 4.2 identified conditions under which IA equilibria achieve the social
optimum (Theorem 5) or outperform DA (Theorem 6). However, the existence of multiple equilibria
(asillustrated in Theorem 3 and Example 1) raises a practical question: Which equilibrium will arise
in practice?

In this section, we introduce an equilibrium refinement concept, stable equilibrium, that selects
among multiple equilibria based on robustness to small perturbations. We show that equilibria
satisfying the welfare-optimality conditions of Theorem 5 are generically strictly stable (Theorem
7), while equilibria that outperform DA but end in two rounds are unstable (Theorem 8). This
refinement thus provides additional support for focusing on welfare-maximizing equilibria in policy
analysis: they are not only desirable but also more likely to emerge and persist.

Definition 2. An equilibrium o™ is stable, if for each j there exists £ > 0 such that for any o; with
loj — 0';.‘| < &, we have

AU;,...,0j,...,1) <0, if oy >0';, and

AU;(,...,0,...,1) >0, if0'j<0';.

The equilibrium is strictly stable if the two inequalities above hold strictly.

By definition, an equilibrium in which all students strictly prefer one strategy to another is strictly
stable, since a small deviation from the equilibrium will not affect their strict preference for the
strategy they play because of continuity of AU;. To check stability, it is sufficient to focus on the
student type j with AU;(c*) = 0. Stability requires that in such an equilibrium, a small deviation by
type j students does not induce an incentive for further deviation. Similarly, strict stability requires
that a small deviation induces an incentive to reverse the deviation. Starting from a vicinity of a
strictly stable equilibrium, students with myopic expectations will adjust their choice so that the
strategy profile will converge to this equilibrium.

Theorem 7. Ifin equilibrium o™ the admission process ends in one round with positive cutoff scores
at both schools, i.e. (T§ < 0%, then the equilibrium o™ is strictly stable.

Proof. See Appendix A.10. ]

By Theorem 7, the equilibrium o* stated in Theorem 5 is strictly stable, except in the non-generic
case where the cutoff score at the low quality school is zero, i.e. oy = 0s. In this sense, the IA
equilibrium achieving the social optimum is generically strictly stable.

Theorem 8. If in equilibrium o™ the admission process ends in two rounds, i.e. o5 > 0s, and
students of some type j < J are indifferent between the aggressive and the conservative strategy,
then the equilibrium o™ is unstable.

Proof. See Appendix A.11. |
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By Theorem 8, a type-1 semi-separating equilibrium of IA in which the admission process ends
in two rounds is unstable, although it achieves higher social welfare than DA by Theorem 6.12

Revisit Example 1. Under Equilibrium (1), which implements the optimal cutoff rule, the ad-
mission ends in one round with positive cutoff scores at both schools: the cutoff score of the low-
quality school (in the single round) is s, = 0.0101 > 0, and the cutoff score of the high-quality
school is 5, = % > 0. Therefore, the equilibrium is strictly stable. Among other equilibria,
Equilibrium (2) is unstable as a type-1 semi-separating equilibrium with admissions ending in two
rounds. Equilibrium (3), as a pooling equilibrium, is trivially strictly stable, since we can verify
AUQ > AUl =0.06 > 0.

Therefore, the only unstable equilibrium is Equilibrium (2), with o5, = 1 + g = 1.444. As a
result, if we start from any regular strategy profile such that oy < g + 1 = 1.444, students with
myopic expectations would converge to the stable equilibrium achieving the social optimum (i.e.,
o5 =1+ =1.183).

Finally, we show that stable equilibrium always exists.

Theorem 9. There exists a stable equilibrium of the IA mechanism.

Proof. See Appendix A.12. O

6 Conclusion

This paper studies the welfare property of the immediate acceptance (IA) mechanism in the school
choice (or college admissions) problem where student ability can only be imperfectly observed
through, e.g., exam scores. The pre-exam IA mechanism leverages preference submissions to reveal
true student ability and potentially achieves higher social welfare than DA. Many mechanisms in the
real world contain a similar self-selection design. For example, in the United States, colleges offer
early-admissions programs where a student can only apply to a limited number of colleges, although
students accepted through early admissions may turn out to have lower SAT scores (Avery and
Levin, 2010). In China, students may have to choose one selective college to attend its “enrollment
summer/winter camp,” where they may get a conditional offer before the national college entrance
exam score is available.

We have two final remarks regarding the policy implications of our paper. First, we argue that
the A mechanism has implementational advantages over (theoretically) optimal mechanisms. The
optimal mechanism characterized by Pereyra and Silva (2023) requires the planner to know precise
distributions of student abilities, preferences, and exam scores, information rarely available to pol-
icymakers. In contrast, the IA mechanism only requires that students submit ordinal preference
rankings and schools observe exam scores. Second, our policy recommendation is based on the
aggregate student welfare. Yet, we also point out that the welfare improvement in a utilitarian view
may not be a Pareto-improvement. In our results, low-ability students are systematically worse off

2In the non-generic case oy = O, the stability of equilibrium o cannot be determined. If AU;(c*) = 0 and
o = 1, then the equilibrium o * is strictly stable by essentially the same proof as that of Theorem 7. If AU (c*) = 0,
j < J,and o';.‘ < 1, then the equilibrium o is unstable by essentially the same proof as that of Theorem 8.
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under IA than DA. After all, whether a policymaker chooses IA over DA depends on the social wel-
fare function she chooses, which may in turn reflect the societal values regarding efficiency, equity,
and meritocracy in education resource allocation.

A Appendix Proofs

A.1 Proof of Corollary 1

Suppose that DCj, is slack under an optimal cutoff rule (s, s J.) jes- Then we can construct another
cutoff rule (E;-, g}) jes with lower cutoffs for the high-quality school, i.e. E} < 5;, which would
achieve higher social welfare.

To do so, first note thats; > 0 for all j. Otherwise, 5; = 0 for some j would imply s; = 0 for all
J by the IC condition, which would contradict DC}, since o, < 1.

Next, we decrease all s; by a small perturbation in the following steps:

Step 1. Let s} =51 — £ and 5} = min{s,, 5} }.

Step 2. Let 5, = 53 — 62(¢) and s, = min{s,, 55} such that /C is still binding, i.e. type 1 is
indifferent between (5, s7) and (53, 55).

Step J. Lets; =55 —6;(¢) and s, = min{s,, s} such that IC;_y ; is still binding, i.e. type J -1
is indifferent between (5_,, s, _,) and (57, s")).

Note that each ¢ (&) is continuous because it is assumed that p ;(s) > O forall 0 < s < 1. There-
fore, the perturbation € > 0 can be chosen to be small enough s.t. the new cutoff rule (E}, g;.) jeJ

still have nonnegative cutoffs and satisfy DCj,. Moreover, it also satisfy DC; because the mass of
students accepted by the low-quality school decreases in every track by construction.

Then we show that the new cutoff rule (E}, g}) jes satisfy all IC conditions. By Theorem 1, the
optimal cutoff rule (5}, s j) jes we started with is monotonic, and so the new cutoff rule (E}, g}) jeJ
is also monotonic given that /C; ;, is kept binding in each step of the construction. Then Lemma
1 can be applied to show that (E}, g;.) jes also satisty all other IC conditions. To see this, note that
type-j students being indifferent between track j and j + 1 implies that type-j’ students would
strictly prefer track j + 1 to j if j* > j and strictly prefer track j to j + 1 if j* < j. Therefore,
binding /C; ;4 for all j implies that (1) type-j students strictly prefer track j + 1 to track j +2, and
strictly prefer track j + 2 to track j + 3, and so forth; (2) type-; students strictly prefer track j to
track j — 1, and strictly prefer track j — 1 to track j — 2, and so forth.

Finally, compared to the optimal cutoff rule (5;, s ; ) jes we started with, under the new cutoff rule
(E}, g;.) jes all cutoffs E} for the high-quality school are strictly lower and all cutoffs g;. for the low-
quality school are no higher. Therefore, the new cutoff rule achieves strictly higher social welfare,
which contradicts the optimality of (5;, s ].) jed-
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A.2 Proof of Lemma 2

Given a strategy profile (not necessarily an equilibrium), let’s denote as s{l the first-round cutoff
score of the high-quality school. Clearly, the cutoff 52 is determined by market clearing. i.e. the
mass of students applying to the high-quality school in the first round with a score no lower than
s{l equals the capacity of the high-quality school. Similarly, the first-round cutoff score of the low-
quality school is denoted as sZI . For the second round, let’s denote as s;f the second-round cutoff
score of the high-quality school, Again, s{ll is determined by market clearing, i.e. the mass of
students applying to the high-quality school in the second round with a score no lower than s{l[
equals the remaining capacity of the high-quality school. Similarly, the second-round cutoff score
of the low-quality school is denoted as sll L

By convention, if in the first or the second round, the available capacity of a school is no less
than the mass of students applying to it, we let the corresponding cutoff score be 0. On the other
hand, if a school has no remaining capacity in the second round, we let the corresponding cutoff

score be 1.

As we have observed, all seats in the high-quality school must be taken in the first round in
equilibrium. Therefore, a student playing the conservative strategy will never be accepted by the
high-quality school, and will be accepted by the low-quality school if and only if her score is no
less than sl’ . In other words, a student playing the conservative strategy will be faced with the cutoff
pair (Sc,s,) withs, = 1and s, = sll.

Moreover, we can show that the two cutoffs in the first round must satisfy 1 > sfl > s{ in
equilibrium. To see this, first we have st slI < 1, because both schools have available capacity in
the first round. Second, s;l < slI would imply that all students strictly prefer the aggressive strategy,

which would in turn imply s;l >0= slI . Contradiction.
Now let’s discuss the following two cases:
Case 1: The admission process ends in one round.

In this case, all seats in the low-quality school are taken in the first round and therefore slI r=1.
Consequently, a student playing the aggressive strategy will never be accepted by the low-quality
school, and will be accepted by the high-quality school if and only if her score is no less than s;l.
In other words, a student playing the aggressive strategy will be faced with the cutoff pair (54, s,)
with 5, = 5, = 5] Therefore, we have 1 =5, > 5, =5, > s, > 0 because 1 > s} > s/ .

Case 2: The admission process ends in two rounds.

In this case, the low-quality school has remaining capacity after the first round. This implies
that all students playing the conservative strategy are accepted by the low-quality school in the first
round with s, = slI = 0. Also, students playing the aggressive strategy who are rejected by the
high-quality school in the first round will compete for the remaining capacity of the low-quality
school in the second round, and the cutoff sl” < sfl will be determined by market clearing. In
other words, a student playing the aggressive strategy will be faced with the cutoff pair (54,s,)
with 5, = s/ > s, = s/ Therefore, we have 1 =5, > 5, > 5, > 5. = 0, where the last inequality

IT" >0 is because the total capacity of the two schools is less than 1 and therefore some

5 = sl
students playing the aggressive strategy will be unmatched.
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Remark: In the proof of Lemma 2, note that the equilibrium condition is only used to show

1
Ik

Si > slI . Therefore, all results in Lemma 2 also hold for all strategy profiles under which sﬁl > s

A.3 Proof of Lemma 3

If o* is an equilibrium of IA, from the proof of Lemma 2, we must have s;l > s{ , and therefore
oy, > O by definition of oy..
By definition of 75, if o5 < 0, the mass of students playing the conservative strategy is no

less than the capacity of the low-quality school. This implies that all seats of the low-quality school
will be taken after the first round, and therefore the admission process will end in one round.

On the other hand, if g, > G5, the mass of students playing the conservative strategy is less than
the capacity of the low-quality school. This implies that there will be some available seats of the
low-quality school after the first round, and therefore the admission process will end in two rounds.

A.4 Proof of Lemma 4

First, note that from Equation (1) and (2), we have:

1 1
/ pj(s)ds = 0';7[ pj(s)ds,
N Sa

o
J

S 1 Eg-"f
/ ! pj(s)ds =1 —[ pj(s)ds—/o " pi(s)ds
N A

*
207 o
o'J !

1 Se Sa
—1-o / pj(s)ds — (1~ 07) /O pj($)ds - o /0 py(s)ds

Sa 1
:0';/ pj(s)ds+(1—0';)/ pj(s)ds,

i.e. type j students’ probability of being accepted to the high or low-quality school when faced with
the cutoff pair (E(T;, ) is also the same as that when playing the mixed strategy o’}‘. Therefore,
J

we have:

N

1 o
UyGGojese) =um [ piods+un [ p(o)ds
N S*_ S _x

o o
J

J
Sa 1
0']*/ pj(s)ds+(1—0';)/ pj(s)ds

= 01U Ga5,) + (1= U (1, 5,).

1
k
:I,tjhO'j[ pi(s)ds+uj
Sa

By definition of equilibrium, 0 < o-;:‘ < 1 implies U;(1,s,) = U;(54,s,), recalling that s, = 1
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in equilibrium by Lemma 2. So it follows that:
Uj(EO'J’T’EO-;) = Uj(ECa Ec) = Uj(gaa ﬁa)-

in equilibrium.

In Equation (1), note that the left-hand side fgl _p;j(s)ds is strictly decreasing in EU;. Because

J

54 < 1 by Lemma 2, the right-hand side 0'}‘ f; pj(s)ds is strictly less than /El pj(s)ds and strictly

greater than /11 pj(s)ds. Therefore, we have 1 > E(T; > 5,4
So*
In Equation (2), note that the left-hand side ﬁ) 7 pj(s)ds is strictly increasing in s .. Because
J
s. < s, by Lemma 2, the right-hand side (1 - a';.‘) foif pj(s)ds +0'J’.k fOE“ pj(s)ds is strictly less than

05“ pj(s)ds and strictly greater than /05" pj(s)ds. Therefore, we have s, <5 . <s,.
J

A.5 Proof of Theorem 3

For o5 € (04, /], let:
AUj(Uz) = Uj(§a,§u) - U]‘(Ec,ﬁc),

where the four cutoffs are the ones induced by the regular strategy profile o with 3}; o; = 0.
That is, AU, (ox) is type-j students’ expected utility difference in playing the two strategies under
the regular strategy profile 0. As oy changes in the interval (o, J], all cutoff scores change
continuously because of the full support assumption p;(s) > 0 for all 0 < s < 1. Therefore, the
expected utility difference AU; also changes continuously.

Let k be the integer s.t. k < o5, < k + 1. Under the strategy profile ¢, the two schools have the
same cutoff in the first round of IA, and therefore AU; (o) > 0 for all j.

Now we search for an equilibrium of IA by continuously increasing o starting from oy :

If there exists oy € (0, k + 1] s.t. AU;_(os) = 0, then we can verify that the corresponding
regular strategy profile o~ is an equilibrium of IA. To see this, o5 € (o7, k + 1] implies o; = 0 for
all j <J—kand o; = 1forall j > J — k. On the other hand, by Lemma 1 and the Remark in the
proof of Lemma 2, AU;_x(0x) = 0 implies AU (os) < Oforall j < J -k and AU, (os) > 0 for
all j > J — k. Therefore, the regular strategy profile o is an equilibrium.

If there does not exist oy € (oy,k + 1] s.t. AUj_(os) = 0, by continuity of AU;_; and
AU i (oy) > 0,wehave AU;_;(k+1) > 0. If AUy—-1(k+1) < 0, then we can verify that the pure
strategy profile o with o> = k + 1 is an equilibrium, again using Lemma 1. If AU;_x_;(k + 1) > 0,
we move on to the range (k + 1, k + 2].

Similar to the argument for the range (o, k+1], suppose there exists oy € (k+1, k+2] such that
AUj_i-1(0s) = 0. Then the corresponding regular strategy profile o is an equilibrium of IA. If no
such oy exists, continuity of AU;__; together with AUj__1(k+1) > O implies AUj_x—1(k+2) > 0.
If AUj_k-2(k+2) < 0, then the pure strategy profile o with o = k+2 is an equilibrium. Otherwise,
if AUj_x—2(k +2) > 0, we move on to the range (k + 2, k + 3].
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We can continue the equilibrium search process described above by continuously increasing
oy until we find an equilibrium. If we don’t find an equilibrium along the way, we must stop at
the terminal point o = J with AU(J) > 0. In this case, we can verify that the strategy profile
o=(1,1,...,1) is an equilibrium.

A.6 Proof of Lemma 5

The inequality in the following lemma will be useful when proving Lemma 5.

Lemma A.1. Let b;,c; > Oforall j € {1,2,...,J}, where J > 1. Suppose that a;/b; is weakly
increasing in j and c; is strictly increasing in j. Then we have:

J J
2o cjaj Xy aj

J - J ?
X ciby X b

where the equality holds iff /b is constant across all j.

Proof. Note that:

J J
21 €ja; s o1 4y

J -/

Zj:l cjbj 2]’:1 b

J J J J
:}chaj-ij/Zchbj-Zajr

j=1 = j=1 =1
— Z ajbj/cj+ Z ajbj/CjZ Z Clj/bjCj+ Z Clj'bjCj

JJi<J’ JJ" >’ JJ"J<J’ JJi>J
— Z ajbj/cj+ Z aj/bjCjIZ Z Clj/bjCj+ Z ajbj/Cj'
JJi<j’ g g<J’ JJ"J<J’ JoJ"J<J’
— Z (Cljbj/Cj+ajfbjCj/—aj/bjCj—Cljbj'Cj/)ZO
i<y’
— Z (ajbj—ajbj)(cj—c;) =20
i<y’

The last inequality above holds because a;/b; < a; /b and c; < c;» whenever j < j’. Also, note
that the last inequality holds with equality iff aj»b; = a;b; for all j and j’,i.e., a;/b; is constant
across all j. O

Proof. (of Lemma 5)

Arbitrarily fix a cutoff rule (5;,s j) jes that satisfies condition (a) and (b) in the lemma, and
0 < 5; < s; < 1 forall j. While preserving condition (a) and (b), let’s perturb the cutoff rule
(5;,8 j) jes by increasing 51 by &, decreasing s, by B, decreasing s; for all j > 2 by ¢, and increasing
s; forall j > 2 by y.
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To simplify notations, let g, be the total mass of all students with type j > 2, and let p; be their
average probability density function of their score, i.e.:

2
L i 0aipi(s)
: 7 .
Because the perturbation preserves binding DCp, DCj, and IC 2, we have:

52 S1+e
t%[ mwm:m[ pi(s)ds
51

$o—0

Sr+y 5
@/' m®m=m/ pi(s)ds

Sy 1B

52 SH+y S1+e 5
(ur1p — uu)/ pi1(s)ds — ulz/ pi(s)ds = —(uyp —uyy) / pi1(s)ds +uy / pi1(s)ds
-6 5

S 5B

By implicit function theorem, in a neighborhood around & = 0, we can regard 8, 9, and vy
as functions of &, and therefore the perturbation can be pinned down by the single variable &.13
Furthermore, their derivatives at € = O are:

5'(0) = L2
42 p2(52)
— q1 p1(52)
/(0) = Man =t 1 pi(51) e nt) | 0
ui Gapa(sy) g4 anls) -
42 Pa(sy)
- q1 p1(52)
B/(0) = n Ul piG) 1+ G ey >0

v P1(£1)1+q_1pl(£z) ’
‘h ﬁZ(Ez)

Under the perturbation &, let Uy (&) := U (s + &, 5, — B(&)) be the expected utility of type-1
students, and U; (&) := U;(52-0(&), s,+v(&)) be the expected utility of type-; students with j > 2.
Moreover, let W(e) := Zle q,;U;(e) be the social welfare.

Now we show that U7 (0) < 0, and W’(0) > 0.

3The assumption that p; is continuous is used to invoke implicit function theorem.
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First, note that:

Ui(()) =—(uyp —uy)p1(sy) +,8,(0)ullpl(§1)

_ u
=—(urp —u1)p1(s1) +

=—p1(51) (uip —up) [ 1 -

< 0,

- q1 p1(52)
m—uu piG) 1 4 ) wupi ()
wy pi(s,) g am) RS

g2 Pa(sy)
1+ q1 p1(52)
G2 p2(52)
1+ q1 P1(s;)
1783 152(52)

where the last inequality is because p1(52)/p1(s,) < p2(52)/p2(s,) by MLRP.
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Second, let W_; (¢) := Zfzz q;U; (&) be the total welfare of students of type j > 2. Note that:

J
W20 = q; [(ujn—ui)d (0)p;(52) =¥ (Oujip;(sy)]

Jj=2
_ 6,(0)211 g [Ty - B wy pa(so) 1+ %g% ()
£t Uji Pt u  pa(sy) 1 4+ a1 Gy P12
j=2 - 2 Pa(s,)
> §(0) ZJ: gy [Ty pa(s) 1+ %§i§§3 i(s5)
= jUjl |———P;j p JARYS)
- Uiy Ui 2(s,) q1 P1(s,)
j=2 PRSI+ S
wi = | < o) 1+ HBE L
o 1h — U1 =y P2(s2 92 p2(52 o
=6'(0) uy Z 9jujtP;(s2) P2(8,) 1 4 1P1(s) Z q;jujip;(s;)
j=2 32 pa(sy) /=2
J J = o q1 p1(52)
= (5'(0)—u1h — Z qjujip;(s,) 222 4P (52 _ Pa52) Y2
- JEIETA=2 VR 5 pi(s,)
Ui = ijz Qﬂ/‘jlp](ﬁz) p2(£2) 1+%ﬁ;(—§22)
J J = o q1 p1(52)
> 6’(0)—u1h — Z qjujip;(s,) 2229171 (52) _ Pa5) Y2
= jujip (s, T = 1(5)
uig =) ijz q;jpj (Ez) p2(52) 1+ %ﬁ;(—ﬁz)
/ 5(50) (3 1+ L
, Uip — U1l PZ(SZ) PZ(SZ) 42 p2(s2)
=6'(0)————— ujip;(s,) | = - =
uy Z_; AitIP 122 Pa(s,)  Pa(sy) | 4 wpils)
J 42 p2(s,)
/ 5 (5 ]+ 4o15)
, o ULp — UL P2(52) 4 p2(52)
(0)="— 22 Qs (ss) - s |1 = —
Jj= 42 p2(s,)
— J n q1 p1(52)
q1p1(51) uin — U Zq,u”p (s,) - P2(52) |- I+ 25ty
g2 p2(52) TR PRI B (s,y) 1 4 @21(5)
Jj= 42 P2(s,)
1 + @p1(52)
_ - 1 g2 p2(52)
= q1p1(s1)(u1p — u1;) Sy
1+ & 5y

=—q1U1(0),

where the first weak inequality is because u ;,/u j; is weakly increasing in j by Assumption A2, the
second weak inequality is by invoking the inequality proved in Lemma A.1 with a; = q;p;(52),
bj = q;p;(s,), and c¢; = uj;. Finally, the strict inequality is because u;; > uy; for all j > 2 by
Assumption A3.

Therefore, we have:

W (0) = U1 (0) + W, (0) > q1U1(0) — q1U1(0) =0,
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which implies W((E;,g})jej) > W((S).8;)jer)-

Similarly, U{(0) < 0 implies U;(5},s}) < Ui(51,s,). By Lemma I, Uj(E},g}) > U;(5),8;)
for some j > 1 implies Uj+1(§;.+1,§;.+1) > Uj+1(§j+1,§j+1) since (E}H,g}ﬂ) = (E},g}) and
(Ej+1,§j+1) = (Ej,gj). On the other hand, we also have U;(5},s)) > Uy(s;,s,). Otherwise,
Uy(5),8) < Uy(sy,s,) would imply Uj(E_’/,g;.) < Uj(Ej,gj) forall 1 < j < J. Combined with
Ui (57, 87) < Ui(51,5,), this contradicts W((E},g})jej) > W((Ej,gj)jej). O

A.7 Proof of Corollary 2

Suppose (5, gj)jj.zl is an optimal cutoff rule, but’s; < 1,5, > 0,and s, > s,. Let j be the maximum
Jjs:t.5; =7%). Thatis, wehaves, =53 =--- =5;ands; > 57, if j < J. By incentive compatibility,
we have 5, = 53 = -+ = s;and 5; < 55, if j < J. By Theorem 1 and Corollary 1 , the cutoff
rule (s, gj)JJ.:] satisfies binding I/C > and DCy,. If j < J, we also know that IC;

therefore /C;,, ; is slack by Lemma 1.

7+1 18 binding, and

Based on the cutoff rule (5}, gj)]J.zl, we can perturb the first j tracks in a similar way to that in
Lemma 5, while maintaining its monotonicity and /C;,, +. Formally, there exists another monotonic
cutoff rule (5},5_’1. le that satisfies (1) ] > 51, 8] < §,52 > 5, =53 = -+ = 5} > 55
S, <Ssh=sh=-= 5} <5732 E; =5, and g;. = s, forall j > j; (3) binding /C 2; (4) the mass

+1°
of students accepted to either school is the same as under (5, s J.)JJ.ZI, and (5) IC},, 7 if j<J.

By applying Lemma 5 to the comparison of the first ; tracks under the two cutoff rules, (5 s gj) ]J.:I
and (E;-, g})]J.: > We know that the social welfare is higher under the latter. To obtain contradiction

to optimality of (5}, s ].)]J.:1 , it will be sufficient to verify that the new cutoff rule (E}, g})JJ.ZI satisfies
DCh, DC[, and all IC]'J".

First, the capacity constraints DC, and DC;) are satisfied by construction. Second, to verify the
incentive compatibility constraints, it is sufficient to show that all adjacent incentive compatibility
conditions, IC; ;41 and IC}4y ;, are satisfied.

Note that IC; ;41 and IC}4 ; are trivially satisfied for2 < j < j—1,becauseall tracks 2 < j < J
are the same by construction. Moreover, IC; 41 and IC ;41 ; are also satisfied for j > j + 1 because
all tracks j > j + 1 are the same as under the original cutoff rule (5 S j)jJ.: ;- Itis only left to verify
ICj j+1 and ICjyy j for j =1 and j.

Note that /C| » is binding by construction, i.e., type-1 students are indifferent between the track
(57, s7) and (5%, s5). Therefore, by Lemma 1, type-2 students must strictly prefer track (55, s5) to
(57,5), and so ICy; is also satisfied.

By Lemma 5, type-; students are strictly better off under the new cutoff rule (E;-, g})JJ.ZI, and
therefore:

Uj(5589) > Uj(5.87) = U j0) = Uy (5,0 85,):

- is also satisfied by construction.

—/ \J . A N
So (sj,gj)j:1 satisfies /C; On the other hand, IC;,

g+
Therefore, the new cutoff rule (E}, g})jzl indeed satisfies DCy, DCy, and all IC; ;.. Because it
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achieves strictly higher social welfare than (s, ii);zp a desired contradiction to the optimality of
(5j,57)]_, is obtained.
A.8 Proof of Theorem 5

The inequality in the following lemma will be useful when proving Theorem 5.

Lemma A.2. Suppose that 0 < ¢; < ¢2 < --- < ¢y, and there exists 1 < J < J s.t. a; <0if j < J
anda; > 0if j > 7, and Zle a; > 0. Then we have 2521 cja; > 0, where the equality holds iff
a; =0forall j.

Proof. It is straightforward to verify that:

cjaj =chaj+cfaf+2cjaj

M-

Jj=1 i<i =i

> C» i ~d > 2 ;

> c; Zaj +cia;+c; Zaj
J<J >
J

:Cf aj
J=1

> 0.

The first inequality above holds with equality only if a; = 0 for all j # 7, and the second inequality
holds with equality only if Z§=1 a; = 0. Therefore, we have Zle cjaj =0iffa; =0forall j. O

Proof. (of Theorem 5 )
Let (E;., gj.)JJ.: , be the cutoff rule implemented by the IA mechanism in the equilibrium o* in the

interim sense. By Theorem 1, there exists a cutoff rule (E}, g})jj,zl which is an optimal allocation
rule. To show that the IA mechanism implements an optimal allocation rule in o™, it is sufficient
to show that W((E},g})jj.:l) < W((?;,g’;)jj.zl).

The incentive constraint /Cj ; is binding under the cutoff rule (Ej-, g}‘. )]J.:] , because the lowest type
students are indifferent between the aggressive and the conservative strategy under the equilibrium
o*. Moreover, we have E;“- = gj*. = S;, for all j > 1, where s{l is the cutoff score of the high-quality
school in the first round under the equilibrium o*, because all students of type j > 1 must play the
aggressive strategy by Lemma 1 and 2, and the admission process ends in one round.

On the other hand, the cutoff rule (E;., g’l.)jj.: 1 by Theorem 1, satisfies (i) E} is weakly decreasing
in j; (i) g} is weakly increasing in j; (iii) type-j students are indifferent between the cutoff pair
(E},g}) and (§}+1’§}+1)’ i.e. IC; j41 is binding, for all j < J.

Now we proceed to prove W((E;-, g})Jj.zl) < W((5, gj)Jj.zl) by discussing the following three
cases.

L= —%
Case 1: 5, <'s,.
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In this case, we have 5, i< s forall j > 1 because 5", i

have 5. = 5 ; forall j > 1. To see this, suppose that s sj < sj for some ] > 1, then we must have

J
5\ > 5] by DCy,. This in turn implies 5] > s7 by DC;, and therefore:

1

is weakly decreasmg in j. In fact, we must

Ui (5}, s7) < Ui (57, 57) = Ui (E},E}) < Ui (E},E}),

which violates IC, ; for the cutoff rule (E}, g;.)jj.: |

By Corollary 1, DCj is binding for the cutoff rule (57, 5;.)11.:1, and therefore 57 = 5]. Then
binding /C; > under both cutoff rules implies 57 = s}, and therefore the cutoff rule (E;-, g})}f.zl is
exactly identical to (E;‘-, gj)}f.z 1> and so they have the same social welfare level.

L= —x - _
Case2: 5; > 5, and s, = s7,.

Because 5, ; 1s weakly decreasmg in j and s’; 5 is weakly increasing in j, we have § s =73, = s =
for all j > 1. Because 5, > 5}, we have U; (sJ 51) < U; (sj 5]) forall j > 1. Moreover because

ICq 5 are binding under both cutoff rules, we have:

l

Ui (5], 51) = Ui(5, 55) < U1(55,55) = Ui (57, 57).

Therefore, we have W((E},g})jj.zl) < W((Ej.,g;".)jj.zl).

Case 3: 55, > 5, and 5, > 5.

By Corollary 2, we must have either s/ = 0 or 57 = 1. However, we must have 57 # 1. To
see this, suppose that 57 = 1. This implies 5; > 5], which in turn implies sy = s] because
q1(P1(5)) = P1(s))) < a; = q1(P1(s7) = P1(s])). Moreover, 57 > 5} and 5, > 5, would imply
E} < E;’Z for some j > 2 by binding DC},, and so:

Ui(5),57) < Ui(5),57) = Ui (E},ﬁ}) < U (3},5}),

which contradicts IC; H for the cutoff rule (E}, g})jj.zl. Therefore, we have 5] # 1, and therefore
= 0 must hold.

Because DC}, is binding under both cutoff rules, DC; is binding under (E_’;, gj.)]J.zl but not nec-

J
=

than that under (57, gj.)Jj.zl. Then 5| = 0 < 57 implies that there exists J>lst g} > gj Since s

essarily binding under (E;-, g}) the total mass of unmatched students under (E}, g;.)jj.zl is no less

is weakly increasing in j, we have s/, > §} > g;i = s}, and therefore 5'; > 5, > 5, > 57 =5 for all
j> 1

The social welfare level under the cutoff rule (E’J*., 5;);21 is given by:
W5} 57)1) = Z%[ Pi )i+ (Pj(5)) = Pj(s))ui|

J
= " ay [+ (1= PG g = ) = Pi(sun].
j=1
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Similarly, we can also write down the social welfare level W((E}, £})JJ~=1) under the cutoff rule
(E;-, 5;.)]J.= 1 Comparing their difference, we have:

J
W} 5)) = W) = Y 4 | (Py(F)) = PG an = ) + (Py(s')) = Py (s
j=1

'M& I

Il
—

J
q;(Pj(57) = Pi(59) (ujn —uj) + Z qj(Pj(s'j) = Pj(s;))uji.
=1

J J

For the first term above, we invoke Lemma A.2. Let
a; = qj(Pj(E;-) - P](Ej)) and Cj=Ujp—Uj].

Since E} > E; forall j > 1, we have a; > O for all j > 1. Also note that Zle a; = 0 because DC,
is binding under both cutoff rules, and therefore a; < 0. On the other hand, c; is strictly increasing
in j by Assumption A2 and A3. Therefore,

J J
D a5 (Pi() = PySy) wjn = ujn) = ) eja; 2 0.
j=1 J=1

14

Similarly, for the second term above, we invoke the inequality proved in Lemma A.2, by letting
aj=q;j(P;(s'j) - Pj(s};)) and ¢; = uj;. As we noted before, the total mass of unmatched students
under (E}, g});zl is no less than that under (57, gj‘.)j: |» and therefore Z;Zl aj > 0. Note thata; <0
because 57 = 0 < s7, and that a; > O for some j > 1 will imply a;4; > 0 because g} is weakly
increasing in j and gj. is constant in j across all j > 1. Also, a; > 0 because s, > s57. Therefore,
a; satisfies the requirements in Lemma A.2. Moreover, c; is strictly increasing by Assumption A3.
Therefore, we establish that the second term above Z;:l qj(Pj(s';) = Pj(s;)uji = Zle cja; 2 0.

As aresult, we have W((Ej., gj.)) > W((E;-, g})) as desired.

A.9 Proof of Corollary 3

By Theorem 5, it suffices to show that there exists an equilibrium o such that type 1 students are
indifferent (AU (c*) = 0) and the admission process ends in one round (o, < 07y).

First, the condition ¢; > 1 — aj implies g1 > a; (given a; + @; < 1). Since the mass of

conservative students at o = J — 1 is ¢ and at 5% is a;, we must have oy > J — 1.

Second, let’s consider the strategy profile oy = J — 1. At this profile, all students of type j > 2
play aggressive, while all type 1 students play conservative. The total mass of aggressive students
is Zj:z q; = 1-q1 < a;. Consequently, there is no over-demand for the high-quality school, and

The first term is in fact positive because a; > 0 due to 5, > 5.
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the acceptance cutoff is 5, = 0 (assuming strictly positive density). Type 1 students, if deviating
to aggressive, would be accepted with probability 1. Conversely, the low-quality school is over-
demanded by type 1 students (¢; > «;), implying an admission probability strictly less than 1.
Thus, AUl(J - 1) > Uy — U > 0.

Third, let’s consider the strategy profile &5, with the cutoff scores being (Sa, 3,) and (Se, 3.).
By definition, at &, the conservative demand exactly equals a;, so the low-quality school clears at
3. =0, yielding a guaranteed utility u;. For the aggressive track, the market clearing condition is:

J
0161(1=Pi(5) + ) q;(1 = P;(5)) = . (3)
j=2
By MLRP, P; (54) < P1(5,) for all j > 2. Substituting this into (3) and noting that the total mass
of aggressive students is 1 — @;, we obtain:
J
ap > (1= P1(5) [ @161+ ) g5 | = (1= P1(52)) (1 - ).
j=2

This implies 1 — Py (§a) < l‘f—’él The utility difference at & is therefore bounded by:

A 2 a
AU(6) =uip(1 = P1(5q)) —uy < Uing i 1 —uy <0,

where the last inequality is due to Condition (2).

Since AU/ () is continuous, AU (J — 1) > 0, and AU (&) < 0, there exists o5, € (J - 1,0%)
such that AU (c*) = 0. This equilibrium satisfies the conditions of Theorem 5.15

A.10 Proof of Theorem 7

In equilibrium o, because the admission process ends in one round with positive cutoff scores at
both schools, an increase in o will raise the cutoff score of the high-quality school s;l =S4 =S,
and lower the cutoff score of the low-quality school slI = s,.. This will lead to a decrease in the
expected utility of playing the aggressive strategy and an increase in the expected utility of playing
the conservative strategy for all students, and therefore decrease in AU;. Similarly, a decrease in oy
will lead to an increase in AU ;. Applying this monotonicity of AU, to the type j with AU, (") = 0,
we obtain the result that o* is strictly stable.

A.11 Proof of Theorem 8§

Because type j students are indifferent between the two strategies in equilibrium o *, we have o™ =
0,...,0, 0';‘, 1,...1), where 0 < 0'}‘ < 1. Consider a small perturbation n # 0 of the equilibrium o*

15As we will see in Theorem 7, this equilibrium o * is in fact strictly stable.
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s.t. 0 < O'J"f +7n < 1and o5 +n > Oy, i.e. the admission process still ends in two rounds. Let s* be
the cutoff rule that corresponds to the equilibrium o*, and s’ be the cutoff rule that corresponds to
the strategy profile o’ = (0, ..., 0, 0']’5‘ +n,1,...1)

Under the equilibrium o*, since the admission process ends in two rounds, we have 1 > 5, >
* =k * =% kY o * .
s7 > 0,s.=1and s’ = 0. Moreover, because U;(s,,s’) = U;(s,, s%), we have:

1 Sy
(n = ujr) / pi(s)ds =uj /0 p;(s)ds. )

Let:

J

AL *

qj'=4;0; + Z dk>
k=j+1

X ;0P (s) + Xizjsr akPr(s)
pi(s) = 7 )
j

The notation §; represents the amount of students who play aggressive strategy under o*. The
notation p; represents their average density function of their scores. By MLRP, we have:
Pi(s) _ Bis)
pj(s)  pj(s)

&)

if s" > s.
Denote the cutoff pair (5,,s’,) as (s, + 6(17), s> — (7). Because the admission process still

ends in two rounds under o, we have 5. =5, = 1 and s/, = s* = 0. Because DC},; constraints are
still binding under o, we have:

55+6(n) 1
pCiiay [ pds=am [ s
Sa Sa+(n)

N

Sq sa—v(m)
DC, ié?j/ ﬁj(s)dSZQjU/ pj(s)ds
5=y (M) 0

Taking derivatives w.r.t.  for the two equations above, and evaluating them at = 0, we have:

"0) = —"——>0,
qip;(s,)
S*
qj | pj(s)ds
o) = Lh P
qip;(sk)

Let V;,(n) be the expected utility of type-j students who play the aggressive strategy under o”’.
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That is,

Via() : = U;(5q +6(m), s, —v(1)
1 554+6(n)
:ujh/ pj(s)ds+uj1/ pj(s)ds

5;+6(n) st =y (n)

Taking derivative of n7 and evaluating it at = 0, we have:
Vi, (0) = =6"(0) (ujn — ujn)p;(55) + ¥ (0)ujip;(ss).

Now we claim that VJ’. ,(0) > 0. To see this, it is sufficient to note that:

Vi (0) >0 & 6" (0)(ujn —uj)p;(s,) < ¥ (Oujp;(sy) (6)
1 s*
s s
S = Ujp—uj))pils,) < P ujpjls,
g;p;(sy) U g;pj(sxy 7
i) i) (8)
qipi(s,) q;pj(s*)
Pj(EEl) - Ifj(%)’ ©)
pi(si)  pi(sk)

where the Inequality (7) implied by Inequality (8) is due to Equation (4), and Inequality (9) is true
because of Inequality (5) and s, > s7.

On the other hand, recall that U; (5., s") = U; (s, = 1,57 = 0) = U;(5,, s} ). Because Vi, (0) >0,
for sufficiently small ||, we have U; (5, s") = V() > V;a(0) = U;(5,, s3) = U;(5,,5.) if n > 0,
and similarly, U; (5, s") < U;(5,,s") if n < 0. This implies that o* is unstable.

A.12 Proof of Theorem 9

Define the function AU_(0x) = AUjii-14x1(0s), and the function AU, (o) = AUj_| 4y (0%).
That is, AU_ (o) is the utility difference between the two strategies for the lowest type of students
who may play the aggressive strategy (i.e., type J+ 1 —[ox]), while AU, (o) is that for the highest
type of students who may play the conservative strategy (i.e., type J — [ o). Under the assumption
pj(s) > Oforall s € (0,1), we know that AU_ and AU, is continuous at all non-integer values,
AU_(o%) is left-continuous, and AU, (o) is right-continuous at all integers.

Note that when o is not an integer, we have J + 1 — [ox] = J — |ox]. Therefore, we let
AU(ox) := AU_(0%) = AU+ (0o%) for all non-integer o, which represents the utility difference for
the unique type of students who play the mixed strategy.

Case 1: AU_(0%) < 0.

Note that AU_(co5) > 0, we can define o5, := sup{os € [0y, 05] : AU_(0x) > 0}. If o5 is an
integer, then we have AU_ (o) 2 0 by left-continuity of AU_ and AU, (0%,) < 0 by right-continuity
of AU,. Moreover, by the proof of Theorem 7, the left-derivative AU’ (05—) < 0 and the right-
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derivative AU, (05+) < 0, and therefore o is a stable separating equilibrium. On the other hand,
if o5, is not an integer, we have AU(o) = 0 by continuity. Since AU is strictly decreasing locally
at o, by the proof of Theorem 7, o is a stable semi-separating equilibrium.

Case 2: AU_(0%) > 0.

To deal with this case, we need the following lemma.

Lemma A.3. If there exists Ug € [max{0s,1},J) s.t. AU+(0'g) > 0, then there exists an integer
oy € (00, J] s.t. the regular strategy profile o* is a (separating or pooling) stable equilibrium.

Proof. To start with, we claim that AU_(l_O'gJ + 1) > 0 under the assumptions of the lemma. To
see this, suppose that AU_(l_O'gJ +1) <0. Let 0'% = inf{os € (2, LO'gJ +1] : AU_(oy) < 0}.
It can be shown that o'é > o'g because AU(ox) > 0 for all oy > o'g sufficiently close to o'g. This
observation is trivial if AU+(0'g) > (, since AU, is right-continuous. If not, AU+(0'g) = 0 implies
that the right-derivative AU, (cp+) > 0 by the proof of Theorem 8. This shows that oy > o, which
also implies AU_(O'é) = 0 by continuity. Again, by the proof of Theorem 8, the left-derivative
AU’ (04—) > 0, and therefore AU_(ox) < 0 for all oy < o sufficiently close to oy. This
contradicts the construction of 0'21:.

Given the claim above, if |_0'§J +1 < Jand AU ( |_0'§J +1) < 0, then the regular strategy profile
o* withog = Lagj +1 is a stable (separating) equilibrium. Otherwise, we have AU, ( LO'gJ +1) >0,
we can apply the claim above with LO'(Z)J + 1 in the place of ag to show that AU_( I_O'QJ +2) > 0.
The process can go on if LO'gJ + 2 < J. We either find during the process a separating equilibrium
that is stable, or eventually reach o = J and conclude that AU_(J) > 0, which implies that all

students playing the aggressive strategy is a stable (pooling) equilibrium. O

Suppose that 5 is an integer. If AU, (Jx) < 0, the regular strategy profile & is a stable (sepa-
rating) equilibrium. Otherwise, we have AU, (Fs) > 0 and we can invoke Lemma A.3 by letting
a- g =0 .

Next, suppose that 6 is not an integer and 0y > 1, we can directly invoke Lemma A.3 by letting
a- g =0 .

Finally, suppose that 0 < &% < 1. If there exists crg € [0x,1] s.t. AU_(O'g) = 0, then
AU_(ox) =0 forall ox € [F%, 1], which implies that any regular strategy profile o= with oy in this
range is a stable equilibrium. To see this, take any o € [, 1]. Note that oy > & implies 5. = 1

and s, = 0. The capacity constraints require:

osq;(1 = P;(54)) = ap, (10)
osqiPi(s,) =1-ap—a. (11
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Therefore, we have:

AU_(0s) =0 (1 = Py(5a)ugn+ (Py(sa) — Py(s,))uj = uy

& (1= Py(5a))(ugn —uy) = Py(s,)us
ay l-—a,—o

(ujp —uy)) = —————uy;

oxqy gxqJj

S apugp = (1 —apuy,

=

where the second last line is due to the capacity constraints, i.e, Equation (10) and ( 11). Because
AU_(ox) = 0 holds for oy = ag, and the equation auy, = (1 — a;)uy; does not depend on o5, we
know that AU_(ox) =0 for all o5 € [0%, 1].

On the other hand, if there does not exist such 0'3, it implies AU_(ox) > 0 for all oy € [T, 1]

by continuity. If AU,(1) < 0, the regular strategy profile o with o = 1 is a stable (separating)
equilibrium. Otherwise, we have AU, (1) > 0 and we can invoke Lemma A.3 by letting a'g =1.
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